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Abstract. In this paper, we study the nature of Lorentzian  -Sasakian manifolds admitting                    

M -projective curvature tensor. We show that M -projectively flat and irrotational M -projective 

curvature tensor of Lorentzian  -Sasakian manifolds are locally isometric to unit sphere )(cS n
, 

where 2=c . Next we study Lorentzian  -Sasakian manifold with conservative M -projective 

curvature tensor. Finally, we find certain geometrical results if the Lorentzian  -Sasakian manifold 

satisfying the relation 0=),( RYX M .  

1. Introduction 

If a differentiable manifold has a Lorentzian metric g , i.e., a symmetric non-degenerate (0,2) 

tensor field of index 1, then it is called a Lorentzian manifold. The notion of Lorentzian manifold 

was first introduced by Matsumoto [12] in 1989. The same notion was independently studied by 

Mihai and Rosca [13]. Since then several geometers studied Lorentzian manifold and obtained 

various important properties. Our present note deals with a special kind of manifold i.e., Lorentzian 

 -Sasakian manifold. At first we give some introduction about the development of such manifold. 

An almost contact metric manifold with structure tensors ),,,( g , where   is a tensor field of 

type (1, 1),   a vector field,   a 1-form and g  is a Riemannian metric on M  is called trans-

Sasakian structure [16] if ),,( GJM R  belongs to the class 4W  [7] of the Hermitian structure, 

where J  is the almost complex structure on )( RM  defined by  

),)(,(=),(
dt

d
XfX

dt

d
XJ    

for all vector fields X  on M  and smooth functions f  on )( RM , G  is the product metric on 

RM . This may be expressed by the condition  

],)(),([])(),([=))(( XYYXgXYYXgYX    

for smooth functions   and   on M  in [2], and we say that the trans-Sasakian structure is of type 

),(  . A trans-Sasakian structure of type ),(   is  -Sasakian, if 0=  and   a nonzero 

constant [8], if 1= , then  -Sasakian manifold is a Sasakian manifold. Also in 2005, Yildiz and 

Murathan [23] introduced and studied Lorentzian  -Sasakian manifolds. In [19], Prakasha and his 

coauthors investigated Weyl-pseudosymmetric and partially Ricci-pseudosymmetric Lorentzian             

 -Sasakian manifolds. In [24], some classes of Lorentzian  -Sasakian manifolds were studied. 

Also, three-dimensional Lorentzian  -Sasakian manifolds have been studied in [25]. Further 

Lorentzian  -Sasakian manifolds were also studied by Prakasha and Yildiz [20], Bhattacharyya 

and Patra [1]. Recently Dey and Bhattachryya have studied some curvature properties of Lorentzian 

 -Sasakian manifolds [6] and  many others (see, [9, 10]).  
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The M -projective curvature tensor of Riemannian manifold nM  was defined by Pokhariyal 

and Mishra [17] is of the following form:  

 YZXSXZYS
n

ZYXRZYX ),(),([
1)2(

1
),(=),( 


M  

                  ],),(),( QYZXgQXZYg   (1.1) 

where Q  is the Ricci operator defined on ),(=),( YQXgYXS . The authors extensively studied the 

properties of M -projective curvature tensor on the various manifolds (see, [3, 11, 14, 15, 18, 22, 26, 

27]). In this paper, we have studied some special properties of Lorentzian  -Sasakian manifold.  

The purpose of this paper is to study the properties of M -projective curvature tensor in 

Lorentzian  -Sasakian manifolds. The paper is organized as follows. Section 2 is concerned with 

preliminaries of Lorentzian  -Sasakian manifolds. In section 3, we study the M -projectively flat 

of Lorentzian  -Sasakian manifold. Section 4 deals with the M -projectively flat Lorentzian                

 -Sasakian manifold satisfies the condition 0=),( SYXR  . In section 5, we study conservative 

M -projective curvature tensor of Lorentzian  -Sasakian manifold. In section 6, irrotational                 

M -projective curvature tensor of Lorentzian  -Sasakian manifold are studied. Section 7 is devoted 

with study of Lorentzian  -Sasakian manifold satisfies the condition 0=),( RYXM  .  

2. Preliminaries 

A differential manifold nM  of dimension n  is said to be a Lorentzian  -Sasakian manifold 

if it admits a (1, 1)-tensor field  , a vector field  , a 1-form  , and Lorentzian metric g  which 

satisfy the conditions  

 )(=),(0=)(,=1,=)( 2 XXgandI   , (2.1) 

 ),()(),(=),(0,=)( YXYXgYXgX    (2.2) 

 },)(),({=))(( XYYXgYX    (2.3) 

for all X , Y  )( nM , where )( nM  is the Lie algebra of smooth vector fields on nM , and   

denotes the covariant differentiation operator of Lorentzian metric g . Also, on a Lorentzian                  

 -Sasakian manifold nM , we have (see [19, 25])  

 ).)((=),(=)(,= XYXgYX YXX    (2.4) 

Further, on a Lorentzian  - Sasakian manifold nM  the following results holds (see, [23, 19])  

 )},(),()(),({=)),(( 2 YZXgXZYgZYXR    (2.5) 

 },)(),({=),( 2 XYYXgYXR    (2.6) 

 },)()({=),( 2 YXXYYXR    (2.7) 

 ),(1)(=),( 2 XnXS    (2.8) 

 ).()(1)(),(=),( 2 YXnYXSYXS    (2.9) 

Definition 2.1. A Lorentzian  -Sasakian manifold nM  is said to be  -Einstein if its Ricci tensor 

S  is of the form  

 ),()(),(=),( YXbYXagYXS   (2.10) 

where a , b are functions on nM . If 0=b , then  -Einstein manifold becomes Einstein manifold. 
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In view of (2.1) and (2.10), we have  

 ,)(=  XbaXQX   (2.11) 

Let us consider an  -Einstein Lorentzian  -Sasakian manifold. Then putting ieYX ==  in (2.10), 

ni 1,2,......=  and taking summation for ni 1 , we have  

 .= bnar   (2.12) 

Now, setting == YX  in (2.10) and using (2.1) and (2.8), we obtain  

 .1)(= 2 nba  (2.13) 

From the conditions (2.12) and (2.13), gives  

 
2

1
= 

n

r
a and     2

1
= n

n

r
b 


. (2.14) 

In view of (2.5)-(2.7), it can be easily constructed that in n -dimensional Lorentzian  -Sasakian 

manifold nM , the M -projective curvature tensor satisfies the following condition from (1.1):  

 },)()({
1)2(

1
})()({

2
=),(

2

QYXQXY
n

YXXYYX 


 


M
 

(2.15) 

 },)(),({
1)2(

1
})(),({

2
=),(

2

QXYYXS
n

XYYXgYX 


 


M
   

(2.16) 

 

)}.(),()(),({
1)2(

1

)}(),()(),({
2

=)),((
2

YZXSXZYS
n

YZXgXZYgZYX













M

 
(2.17) 

The above results will be used in the later sections. 

3. M-Projectively Flat Lorentzain -Sasakian Manifold 

Definition 3.1. The Lorentzian  -Sasakian manifold nM  is said to be a M -projectively flat, if we 

have 0=),( ZYXM . 

By taking into account of relation (1.1) and using Definition 3.1, we get  

 ].),(),(),(),([
1)2(

1
=),( QYZXgQXZYgYZXSXZYS

n
ZYXR 


 (3.1) 

Taking =Z  in (3.1) and using (2.1), (2.7) and (2.8), we obtain  

 ].)()([
1)(

1
=])()([

2
QYXQXY

n
YXXY 


 


  (3.2) 

Again, putting =Y  in (3.2) and using relation (2.1) and (2.8), we obtain  

 ).,(1)(=),(1)(= 22 YXgnYXSXnQX    (3.3) 

Thus, we get the following theorem  
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Theorem 3.1. If an n-dimensional Lorentzian  -Sasakian manifold nM is M -Projectively flat, then 

it is an Einstein manifold and Ricci tensor of M  has the form ),(1)(=),( 2 YXgnYXS  .  

In this case, by using (3.3) in (3.1), we obtain  

 }.),(),({=),( 2 YZXgXZYgZYXR   (3.4) 

Theorem 3.2. If an n-dimensional Lorentzian  -Sasakian manifold nM is M -Projectively flat, then 

it is an locally isometric to the unit sphere )(cS n
, where 2=c .  

4. M-Projectively Flat Lorentzian -Sasakian Manifold Satisfying R(X,Y)S = 0. 

In the present section, we consider that nM  is an M -projectively flat Lorentzian  -Sasakian 

manifold ),( gM n
 satisfying the condition 0=),( SYXR  . Thus we have 

 0.=)),(,(),),(( UYXRZSUZYXRS   (4.1) 

In view of (3.1) in (4.1), we obtain  

 ),(),(),(),([
1)2(

1
ZXgUQYSZYgUQXS

n



 

 0.=)],(),(),(),( UXgZQYSUYgZQXS   (4.2) 

Setting == ZY  in (4.2) and using (2.1) and (2.8), we obtain  

 0.=)],(),(),()(),()(),([  QSUXgQXSUUQSXUQXS   (4.3) 

Again, by using (2.8) in (4.3), we find  

 0.=),(1)(),()()()(1)(),( 4242 UXgnQXSUUXnUQXS    (4.4) 

Let   be the eigen value of the endomorphism Q  corresponding to an eigen vector X . Then 

putting XQX =  in (4.4) and using relation ),(=),( YXSYQXg , we find  

 )()(1)()()(1)(),( 4222 UXnUXnUXg    

 0.=),(1)( 42 UXgn   (4.5) 

Now, putting =U  in (4.5), we obtain  

 0.=)(]1)2(1)([ 4222 Xnn    (4.6) 

In this case, since 0)( X , the relation (4.6) implies that  

 0.=1)2(1)( 4222   nn  (4.7) 

From (4.7) it follows that the endomorphism Q has two different non-zero eigenvalues, namely, 
21)( n  and 

21)2(  n . Thus we can state : 

Theorem 4.1. Let nM  be an n-dimensional M -Projectively flat Lorentzian  -Sasakian manifold  

satisfies 0=),( SYXR  , then symmetric endomorphism Q  of the tangent space corresponding to 

S  has two different non-zero eigenvalues.  
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5. Conservative M-Projective Curvature Tensor on Lorentzian -Sasakian Manifold 

Definition 5.1. The Lorentzian  -Sasakian manifold ),( gM n
 is said to be M-projective 

conservative if, 

 0,=Mdiv  (5.1) 

where div  denotes the divergence.  

Taking the covariant derivative of (1.1), we get  

 YZXSXZYS
n

ZYXRZYX UUUU ),)((),)([(
1)2(

1
),)((=),)(( 


 M  

 ].))(,())(,( YQZXgXQZYg UU   (5.2) 

Contracting with respect to U  in (5.2), we obtain  

 ),)((),)([(
1)2(

1
),)((=),)(( ZXSZYS

n
ZYXdivRZYXdiv YX 


M  

 ].),(),( divQYZXgdivQXZYg   (5.3) 

We know that  

 .
2

1
=)( rXdivQ X  (5.4) 

By virtue of (5.4) in (5.3), we obtain  

 ),)((),)([(
1)2(

1
),)((=),)(( ZXSZYS

n
ZYXdivRZYXdiv YX 


M  

 ].),(
2

1
),(

2

1
rZXgrZYg YX   (5.5) 

But from [4], we have  

 ).,)((),)((= ZXSZYSdivR YX   (5.6) 

Again, by virtue of (5.1) and (5.6) in (5.5), reduces to  

 }.),(),({
3)2(2

1
=),)((),)(( rZXgrZYg

n
ZXSZYS YXYX 


  (5.7) 

Setting =X  in (5.7), we obtain  

 }.),(),({
3)2(2

1
=),)((),)(( rZgrZYg

n
ZSZYS YY 


    (5.8) 

Further, we know that  

     ),(),(),(=),)(( YXSYXSYXSYXS     

 )],[,(),],([),(=  YX YXSYXSYXS   

 ),(]),[,(),()],,([),(=  YX XSYXSYSYXSYXS   

 ).,(),(),)((=  YX XSYSYXSL   (5.9) 

The Lie derivative of metric g  along with vector field X  is  

 ).,(),(),(=),)(( ZLYgZYLgZYgLZYgL XXXX   (5.10) 
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Setting =X  in (5.10) and using (2.4), we obtain  

 ).,(2=),)(( ZYgZYgL    (5.11) 

We now recall that ),(=),( YXSYQXg  and using relation (5.11), we get  

 ).,(2=),)(( ZYSZYSL    (5.12) 

Using (2.4) and (5.12) in (5.9), we obtain  

 0,=),)(( ZYS  (5.13) 

which implies  

 0.=r  (5.14) 

By virtue of (5.8) and using (2.2), (2.4),(5.13) and (5.14), we obtain  

 ).()(
3)(22

1
),(1)(=),( 2 YdrZ

n
ZYgnZYS 





  (5.15) 

Replacing ZZ =  in (5.15) and using (2.2) and (2.9), we obtain  

 ).,(1)(=),( 2 ZYgnZYS   (5.16) 

Contracting the equation (5.16), we obtain  

 .1)(= 2nnr  (5.17) 

Thus, we can state the following:  

Theorem 5.1. Let nM  be an n-dimensional M -Projective curvature tensor of Lorentzian                        

 -Sasakian manifold is conservative. Then nM  is an Einstein manifold with a scalar curvature is 

constant.  

6. Irrotational M-Projective Curvature Tensor on -Einstein Lorentzian -Sasakian Manifold 

Definition 6.1. The rotation (curl) of M -projective curvature tensor on a Lorentzian  -Sasakian 

manifold nM  is defined as  

 ZYUZYXRot XU ),)((),)((= MMM   

 .),)((),)(( UYXZUX ZY MM   (6.1) 

By taking into account of second Bianchi identity for Riemannian connection  , (6.1) becomes  

 .),)((= UYXRot ZMM   (6.2) 

If the M -projective curvature tensor is irrotational, then curl 0=M  and so by (6.2), we get  

 0,=),)(( UYXZM  

which implies  

 .),(),(),(=)),(( UYXUYXUYXUYX ZZZZ  MMMM  (6.3) 

Putting =U  in (6.3), we obtain  

 .),(),(),(=)),((  ZZZZ YXYXYXYX  MMMM  (6.4) 
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Now, substituting =Z  in (1.1) and using (2.1), (2.7), (2.8) and (2.11),we obtain  

 ],)()([=),( XYYXYX  M  (6.5) 

where  

 ].1)([
1)2(

1
= 2

2
rnn

n



  (6.6) 

By virtue of (6.5) and (2.4) in (6.4), we obtain  

 ].),(),([=),( YZXgXZYgZYX  M  (6.7) 

Replacing Z  by Z  in (6.7) and simplifying by using (2.1), we get  

 ].),(),([=),( YZXgXZYgZYX M  (6.8) 

In addition from (1.1) and (6.8), we have  

 YZXSXZYS
n

ZYXRYZXgXZYg ),(),([
1)2(

1
),(=]),(),([ 


  

 ].),(),( QYZXgQXZYg   (6.9) 

Contracting (6.9) over X  and using (6.6), we can find  

 ).,(1)(=),( 2 ZYgnZYS   (6.10) 

from (6.10), we obtain  

 .1)(= 2nnr  (6.11) 

As a result of (1.1), (6.6), (6.8), (6.10) and (6.11), we obtain  

 ].),(),([=),( 2 YZXgXZYgZYXR   (6.12) 

Thus we can state following:  

Theorem 6.1. The M -projective curvature tensor in a Lorentzian  -Sasakian manifold nM  is 

irrotational, then it is locally isometric to the unit sphere )(cS n
, where 2=c .  

7. Lorentzain -Sasakian Manifold Satisfying MR = 0. 

Consider an Lorentzain  - Sasakian manifold satisfying the condition  

 0.=),( RYX M  (7.1) 

Then from the relation (7.1), it follows that  

 UZYXRUZYRX ),),((),(),(  MM   

 0.=),(),()),(,( UXZYRUZXYR  MM   (7.2) 

In view of (2.16), it follows from (7.2) that  

 UZXRYUZRYXgXUZYRXUZYRg ),()(),(),()),((),),(([
2

2




  

 ]),()(),(),(),()(),(),( XZYRUZYRUXgUXYRZUYRZXg    

 UZRYXSQXUZYRQXUZYRg
n

),(),())),((),),(([
1)2(

1
 


  

 UQXYRZUYRZXSUZQXRY ),()(),(),(),()(    

 0.=]),()(),(),( QXZYRZZYRUXS      (7.3) 
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Taking the inner product of the above equation with  , we get  

 )),(()()),((),([
2

),,,(
2

22

UZXRYUZRYXgXUZYR 


  

 )),((),()),(()()),((),(  ZYRUXgUXYRZUYRZXg   

 )),((),([
1)2(

1
),,,(

1)2(

1
)]),(()( UZRYXS

n
QXUZYR

n
XZYRU 





  

 )),(()()),((),()),(()( UQXYRZUYRZXSUZQXRY    

 0.=)]),(()()),((),( QXZYRUZYRUXS    (7.4) 

By virtue of (2.5), (2.6) and (2.7) in (7.4), we obtain  

 ),,,(
1)2(

1
),,,(

2

2

QXUZYR
n

XUZYR 





 

 )},(),(),(),({
2

4

UYgZXgUZgYXg 


 

 0.=)},(),(),(),({
1)2(

2

UYgZXSUZgYXS
n







 (7.5) 

Setting ieUZ ==  in (7.5) and taking summation over i , ni 1 , we obtain  

 )}.,(1)(),({21)(=),( 222 YXgnYXSnYXS    (7.6) 

Therefore the 2S  of the Ricci tensor S  is the linear combination of the Ricci tensor and the metric 

tensor g . Here the (0,2)-tensor 2S  is defined by ),(=),(2 YQXSYXS . Hence we have the 

following:  

Theorem 7.1. Let M  be an n -dimensional Lorentzian  -Sasakian manifold is satisfying the 

condition 0=RM . Then the 2S  of the Ricci tensor S  is the linear combination of the Ricci tensor 

and the metric tensor g  has the form )},(1)(),({21)(=),( 222 YXgnYXSnYXS   .  

It is well known that:  

Lemma 7.1. [21] If Ag =  be the Kulkarni-Nomizu product of g  and A , where g  being 

Riemannian metric and A  be a symmetric tensor of type (0,2)  at point x  of a semi-Reimannian 

manifold ),( gM n
. Then relation R  ),,(= gQ  is true at x  if and only if the condition 

gAA  =2
, R  holds at x   

In consequence of Theorem 7.1 and Lemma 7.1, we have the following corollary: 

Corollary 7.1. Let M  an n -dimensional Lorentzain  -Sasakian manifold is satisfying the 

condition 0=),( RYX M , then ),(=  gQ , where Sg =  and 
21)2(=  n .  

Acknowledgment 

The second author wish to express their sincere gratitude to UGC for financial support in the form 

of Rajiv Gandhi National fellowship (F1-17.1/2013-14/RGNF-2013-14-SC-KAR-46330).  

 

 

 

International Journal of Pure Mathematical Sciences Vol. 18 29



References 

[1] A. Bhattacharyya, C. Patra, Semi-symmetric metric connections on pseudosymmetric 

Lorentzian  -Sasakian manifolds, Acta Comment. Univ. Tartu. Math. 18(2) (2014) 197-210.  

[2] D.E. Blair, J.A. Oubina, Conformal and related changes of metric on the product of two 

almost contact metric manifolds, Publications Matematiques. 34 (1990) 199-207.  

[3] S.K. Chaubey, R.H. Ojha, On the M-projective curvature tensor of a Kenmotsu manifold, 

Different. Geom. Dynam. Syst. 12 (2010) 52-60. 

[4] L.P. Eisenhart, Riemannian geometry, Princeton Univ. Press, 1926. 

[5] U.C. De, S. Mallick, Spacetimes admitting M-projective curvature tensor, Bulg. J. Phys. 39 

(2012) 331-338.  

[6] S. Dey, A. Bhattacharyya, Some curvature properties of Lorentzian  -Sasakian manifolds, 

Journal of Dynamical Systems and Geometric Theories. 14(1) (2016) 85-98. 

[7] A. Gray, L.M. Hervella, The sixteen classes of almost Hermitian manifolds and their linear 

invariants, Annali di Matematica Pura ed Applicata. 123(1) (1980) 35-58.  

[8] D. Janssens, L. Vanhecke, Almost contact structures and curvature tensors, Kodai 

Mathematical Journal. 4(1) (1981) 1-27.  

[9] B. Laha, Generalized -Einstein 3-dimensional trans-Sasakian manifold, Advanced Trends in 

Mathematics. 2 (2015) 28-32. Doi: 10.18052/www.scipress.com/ATMath.2.28. 

[10] B. Laha, A. Bhattacharyya, Totally Umbilical hemislant submanifolds of Lorentzian  -

Sasakian manifold, Mathematical Combinatorics. 1 (2015) 49-56. 

[11] H. Karcher, Infinitesimal characterization of Friedman universes, Arch. Math. (Basel). 38(1) 

(1982) 58-64.  

[12] K. Matsumoto, On Lorentzian para contact manifolds, Bull. of Yamagata Univ. Nat. Sci. 12 

(1989) 151-156.  

[13] I. Mahai, R. Rosca, On Lorentzian P-Sasakian manifolds, Classical Analysis, World Scientific 

Pable, Singapore, 1992.  

[14] R.H. Ojha, A note on the M-projective curvature tensor, Indian J. Pure Appl. Math. 8 (1975) 

1531-1534.  

[15] R.H. Ojha, M-projectively flat Sasakian manifolds, Indian J. Pure Appl. Math. 17 (1986) 481-

484.  

[16] J.A. Oubina, New classes of contact metric structures, Publicationes Mathematicae Debre- 

cen. 32(4) (1985) 187-193.  

[17] G.P. Pokhariyal, R.S. Mishra, Curvature tensors and their relativistic signification II, 

Yokohama Math. J. 18 (1970) 105-108.  

[18] A. Prakash, M. Ahmad, A. Srivastava, M-projective curvature tensor on a Lorentzian para-

Sasakian manifolds, IOSR Journal of Mathematics (IOSR-JM). 6(1) (2013) 19-23. 

[19] D.G. Prakasha, C.S. Bagewadi, N.S. Basavarajappa, On pseudosymmetric Lorentzian  -

Sasakian manifolds, Int. J. Pure Appl. Math. 48 (2008) 57-65.  

[20] D.G. Prakasha, A. Yildiz, Generalized  -recurrent Lorentzian  -Sasakian manifolds, 

Commun. Fac. Sci. Univ. Ank. Ser. A. 59(1) (2010) 53-65.  

[21] R. Seszcz, L. Verstraelen, S. Yaprak, Warped products realizing a certain condition of 

pseudosymmetry type imposed on the curvature tensor, Chin. J. Math. 22(2) (1994) 139-157. 

30 IJPMS Volume 18



[22] Venkatesha, B. Sumangala, On M-projective curvature tensor of a generalized sasakian space 

form, Acta Math. Univ. Comenianae. 82(2) (2013) 209-217. 

[23] A. Yildiz, C. Murathan, On Lorentzian  -Sasakian manifolds, Kyungpook Math. J. 45 

(2005) 95-103.  

[24] A. Yildiz, M. Turan, A class of Lorentzian  -Sasakian manifolds, Kyungpook Math. J. 49(4) 

(2009) 789-799.  

[25] A. Yildiz, M. Turan, B.E. Acet, On three-dimensional Lorentzian  -Sasakian manifolds, 

Bull. Math. Anal. Appl. 1 (2009) 90-98.  

[26] F. O . Zengin, On M -projectively flat LP-Sasakian manifolds, Ukrainian Math. J. 65(11) 

(2014) 1725-1732.  

[27] F. O . Zengin, M -projectively flat spacetimes, Math. Rep. 4(4) (2012) 363-370.  

International Journal of Pure Mathematical Sciences Vol. 18 31


