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Abstract. Many of the important properties of multi-nucleon systems can be found by studying the 
nucleon- nucleon interactions. In this work, a suitable central and an appropriate noncentral 
potential have been used to study nucleon- nucleon scattering in one and two dimensions. The phase 
shift, scattering cross section, length and amplitude are calculated using the Nikiforov-Uvarov (NU) 
method and WKB approximation. Comparison between the results of the suggested model in this 
article and the experimental reported values indicates that there is a good consistency between 
them.  

1. Introduction  
One of the main challenges of nuclear physics is to find the static and dynamic properties of 

nuclei and interpret the interactions between nucleons. To the best of our knowledge, a helpful 
method to determine the structure of nucleus is to use scattering phenomenon. It leads to the 
exploration of nuclear forces and the laws governing the interactions of elementary particles [1and 
2]. In addition, scattering can be used to specify the characteristics of the interactions between 
nucleons [3and 4]. One ideal approach is to discuss dispersion equations formulated for neutron- 
proton scattering [5and 6]. When an incoming particle (which is described with a wave packet) 
closes to the target and creates an interaction, there are two wave packets as output: One of them is 
toward the direct route, which describes the section of the beam which is not dispersed, the other 
one is deflected by an angle which is related to the dispersed particles. The Number of dispersed 
particles in a given time and space angle of the incoming flux is introduced as the differential cross 
section [6].  

Scattering is an appropriate facility to study the nuclear properties which is continuing as an 
active area of research [7]. In this paper, a comprehensive description of quantum scattering in one 
dimension in close analogy with the two- and three-dimensional cases [4 and 8] is presented. Apart 
from these interests in research, the study of one-dimensional scattering is also advantageous from a 
pedagogical point of view [9]. In a one dimensional treatment for simple potentials such as the 
potential well special mathematical functions such as the Bessel’s functions are not needed, while it 
still has sufficient complicacy to illustrate many of the physical processes which occur in two and 
three dimensions [10,11 and 12]. Hence, the presented discussion about the one dimensional 
scattering is expected to assist the understanding of the more complex scattering problems namely 
two and three dimensional scattering [2]. The quantum mechanical scattering problem in two 
dimensions (2D) has been discussed widely in Refs. [1, 2 and 8]. The inherent circular symmetry in 
2D renders the free partial-wave radial function to be the ordinary Bessel (regular at the origin) and 
Neumann (irregular) functions, in contradistinction to the three-dimensional (3D) case where these 
functions become the spherical counterpart (spherical Bessel and Neumann functions) [11 and 12]. 
Besides being an interesting pedagogic topic at the graduate level, 2D scattering has applications in 
surface physics [2]. It has also important applications in atomic, molecular and nuclear scattering 
where, at high energies, one usually encounters sums over prohibitively large numbers of partial 
waves [6 and 13]. Such sums are converted into integrals and efficiently evaluated in semi- classical 
scattering [14 and 12]. The concepts employed in the field of wave optics found a very natural 
adaptation in semi- classical 3D scattering, where one deals with the optics of matter waves. As 
long as energy E≫|V|, it is not needed for the potential V to be weak [15]. Under these situations the 
semi- classical path concept is valid and the quantum wave-function is replaced by the semi-
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classical Wentzel-Kramers-Brillouin (WKB) wave function [11 and 16]. The results for 2D 
scattering in the WKB approximation [6] are presented as well as comprehensive discussion of 
rainbow and glory scattering and orbiting.  

In this article, quantum scattering in one-dimension is studied by analytically solving the 
Schrödinger equation with Woods-Saxon potential. The phase shift, Scattering cross section, length 
and amplitude in one dimension is obtained at various low energies. Then, quantum scattering in 
two-dimensions is presented and the WKB approximation is used to calculate the phase shift, 
Scattering cross section, length and amplitude in two dimensions. The calculated results are 
compared with the experimental ones and it is found that there is a reasonable consistency between 
them.  

2. Quantum scattering in one dimension  
The time-independent Schrödinger equation which describes scattering for the reduced mass of 

µ, potential of V(r)and energy of E is as follow [10 and 14]:  

                                                        (1) 
Solving this equation with a specific potential yields the energy eigenvalues which can be put in the 
following equation to obtain the phase shift: 

                                                        (2) 

Where  and a is the potential width [1, 17]. 
In order to calculate the scattering amplitude f, the phase shift and the equation bellow are 

considered [1, 18 and 19]:  

                                                                    (3) 
Using the following equation, the total cross section can be calculated for various values of the 
phase shift [1, 10 and 20]: 

                                                                 (4) 
Where l represents the angular quantum number. The total cross section is equal to the probability 
of scattering in all directions as follow: 

                                                                 (5) 

3. Scattering in one dimension in the presence of Woods-Saxon potential  
Choosing a suitable potential for the interactions between nucleons plays a crucial role in 

calculations purposed in this paper. The Woods-Saxon potential which is one of the most important 
and acceptable central potentials in nuclear physics is defined as [21]: 

                                                           (6) 
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Where  Vo , Ro and a are the potential depth, width and its surface diffuseness, respectively. Vo is 
usually adjusted to the experimental values of ionization energies. After obtaining the energy 
eigenvalues, the phase shift, scattering cross section, amplitude and length can be calculated for the 
neutron-proton scattering in the presence of Woods-Saxon potential. At low energies, scattering 
occurs mostly in state of S , so that one can focus on the radial quantum number of l = 0 [14]. To 
solve the Schrödinger equation with Woods-Saxon potential and obtain the energy eigenvalues the 
NU method is used which is briefly described in the next part. 
 
3.1. Nikiforov-Uvarov Method 

NU method is based on the solution of a general second order linear differential equation with 
special orthogonal functions and a non-relativistic Schrödinger equation can be solved with this 
method. For a given real and complex potential, the Schrödinger equation is reduced to a 
generalized equation of hypergeometric type with an appropriate coordinate transformation s = s(r) 

Therefore it can be written in the following form [22 and 23]: 

                                        (7) 
Where σ and  are polynomials (at most second-degree) and is a first-degree polynomial. By using 
the transformation: 

                                                                  (8) 
equation (7) reduces to a hypergeometric-type form as follow: 

                                              (9) 
Where the function ϕ(s) is defined as a logarithmic derivative: 

                                                              (10) 
yn(s) is the hypergeometric type function whose polynomial solutions are given by Rodrigues 
relation: 

                                                 (11) 
Where Bn is a normalizing constant and the weight function ρ must satisfy the condition:  

                                                                       (12) 
The function π(s) and the parameter λ required for this method are defined as: 

       (13) 
On the other hand, in order to find the value of K, the expression under the square root must be 
square of a polynomial. Thus, a new eigenvalue equation for the Schrödinger equation yields the 
relation bellow:  

                             (14) 
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Where 

                                                         (15) 
It must have a negative derivative [22 and 23]. 
 
3.2. Energy eigenvalues of Woods- Saxon Potential  

In order to calculate the parameters of scattering, the energy eigenvalues of Schrödinger equation 
have to be obtained. The considered central potential for the interactions between nucleons in this 
paper is the Woods-Saxon potential. The radial part of time-independent Schrödinger equation with 
Woods-Saxon potential takes the form [24]: 

                                  (16) 
where the radial wave function  is written as  and . In addition, here 
it is assumed that  is bounded as  Solving this equation is not a simple job, in order to 
get a form that NU method is applicable the transformations mentioned bellow can be helpful: 

                                                                          (17) 

                                                                    (18) 
With the equation (16) leads to the generalized form of hypergeometric type given in 
equation (7): 

    (19) 
where 

                                                  (20) 
Comparing equation (19) with equation (7) yields the corresponding polynomials as follows: 

                                                                  (21) 
Substituting these polynomials in equation (13), π(s) can be achieved as: 

                                                              (22) 
with 

                                                          (23) 
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and 

                                                             (24) 
The constant K is determined according to the rule that the expression under the square root must be 
square of a polynomial and since in equation (15) must have a negative derivative, the most 
appropriate answer for π(s) i: 

                                                                        (25) 
And finally the energy eigenvalues are obtained as follow: 

         (26) 
This equation is used to obtain the scattering phase shift, amplitude and cross section using the 
equations (2), (3), (4) and (5) mentioned before in sec 2. 
 
3.3. Scattering cross section, length and amplitude in one dimension  

Substituting the energy equation (26) in the equations related to scattering in one dimension, 
the phase shift, scattering cross section and amplitude for various values of the potential depth are 
calculated. In addition, the scattering length which describes low- energy scattering in quantum 
mechanics is obtained using the equation bellow [1and 2]: 

                                                             (27) 
Some of the results are listed in the following table which are nearly reasonably consistent with 

the experimental data. 
Table1: Scattering cross section, length and amplitude in the presence of Woods-Saxon potential 

(with ) 

     

6.06  5.41  2.95  13.26  36.80  

6.55  5.38  2.58  15.01  38.62  

6.96  5.14  2.31  15.58  39.12  

6.44  4.34  2.28  19.87  43.41  

6.39  4.14  2.01  24.21  47.75  

6.70  4.05  2.15  24.69  48.23  

7.73  4.00  2.01  26.87  50.41  
According to the experimental reports, the scattering cross section at low energies has a nearly 
constant value between 4b and 5b [25 and 26]. Therefore, the calculated results of this paper for the 
other scattering parameters are in good agreement with experimental data. 
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4. Quantum scattering in two dimensions  
Scattering in two dimensions is almost similar to the one dimensional scattering. The time-

independent Schrödinger equation in polar coordinates is considered as follow [15]: 

                             (28) 
Where  and . Here  is a central potential (depending 
only on the magnitude of r). 
The scattering amplitude is written in terms of the scattering phase shift  as follow [3]: 

( ),f k θ = 2
π

 ( )
0

cos m
m

mθ ε
∞

=
∑ ( )ie m kδ ( )sin m kδ                                                 (29) 

Where εm=2 for m≠0 and ε0=1 for m=0. Using the differential scattering cross section 2d dDσ θ =

( ),f k kθ  , the total cross section, can be obtained as follow [3, 4 and 11]: 

                                         (30) 
Where θ is the scattering angle. The equation for WKB phase shift is mentioned bellow [27]:  

                                 (31) 

In this equation  is the wave number, where b’ is the impact parameter and 
F is defined as follow [27]:  

                                                             (32) 

5. Scattering in two dimensions in the presence of a noncentral potential  
In order to study the neutron- proton scattering in two dimensions, a noncentral two-dimensional 
potential function with the following form is considered in this paper [28]: 

2

2 2
cotb c

r r
θb+ +                 0b >                                                         (33)  

Where a, b and c are constant values [29 and 30]. The time- independent Schrödinger equation with 
the potential  is as follow: 

                                                      (34) 

where . By separating the radial and angular variables into 
two parts, the equation related to the radial part will be: 

       (35) 

order to solve this equation by NU method [22], the transformations , are 
applied. Then, the obtained equation is compared with equation (7), the corresponding polynomials 
in NU technique are achieved as follow: 
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             (36) 

Substituting these polynomials in equation (13), the function  will be: 

=                                        (37) 
The constant k can be determined according to the rule that the expression under the square root 
must be square of a polynomial, therefore:  

                                                      (38) 

Where substituting these two values of k in equation (37), the possible solutions 

for are : 

        (39) 

Consequently, since  in equation (15) must have a negative derivative, the most appropriate 

answers for , k and  are as follows: 

                                                                                          (40) 

                                                                                                  (41) 

                                                                                                    (42) 
Finally, one can immediately determine the energy eigenvalues of the radial part as: 

                                                              (43) 
On the other hand, the equation related to the angular part of the time- independent Schrödinger 
equation will be: 

                                        (44) 
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Where  is the separation constant.  

By changing the variable , the equation (44) will become: 

                   (45) 
Comparing this equation with equation (7), the corresponding polynomials will be: 

 (46) 

Substituting these polynomials in equation (13), the function  will be achieved as follow: 

                                   (47) 

Considering the special condition for k, the following possible solutions for  are obtained: 

          (48) 

Which according to the condition , the most appropriate answers for  and k will be: 

                    (49) 
Using equation (14), yields the value of γ which is important in calculation of the energy 
eigenvalues.  

                                              (50) 
 
5.1. Scattering cross section, length and amplitude in two dimensions  
Doing numerical calculations at various low energies and using the related equations for scattering 
in two dimensions mentioned before, the scattering cross section, amplitude and length in the 
presence of a two-dimensional noncentral potential are obtained. The results are listed in the 
following table. As mentioned before, these results are reasonably consistent with the experimental 
data for the scattering cross section [25 and 26].  
 

Table 2: Scattering cross section, length and amplitude in the presence of the noncentral potential 

mentioned in this paper (with ) 

         

0.15 5.50 0.02 1.25 12 2.26 6.65 5.53 5.34 

0.34 2.48 0.05 1.80 20 3.05 6.23 4.97 6.13 
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0.30 3.99 0.06 1.80 18 3.20 5.25 4.98 6.04 

0.37 4.95 0.06 1.80 15 3.74 5.19 4.88 6.76 

0.38 7.25 0.02 1.25 10 3.89 5.09 4.08 6.93 
It is worth mentioning that the consistency of the results in this paper with the reported 
experimental observations for scattering cross section indicates the reliability of the suggested 
method for the other calculated parameters.  

6. Conclusion  
In this paper, a suitable central and an appropriate noncentral potential are considered and the 
energy eigenvalues of the Schrödinger equation are obtained. Consequently, the Phase shift, 
scattering cross section, amplitude and length for neutron-proton scattering in one and two 
dimensions are calculated. Comparison between the calculated results and reported experimental 
values demonstrates acceptable agreement between them. 
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