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1. Abstract In this paper, we apply the stochastic optimal control theory to the pension fund
management before and after retirement in the defined contribution and defined benefit pension
schemes, where benefits are paid as investment returns for a period or duration of time. The goal of
the management problem is to optimize the long-term growth of expected utility of returns. We
consider different types of power law utility function of the form
to
examine the different investment schemes. Our result shows the advantage of the defined
contribution scheme over the defined benefit scheme before and after retirement.
2. Introduction
The issue of selecting the appropriate investment scheme for pension managers is becoming more
challenging especially for defined contribution scheme.
Notable contributions have been made in this area especially in the use of classical tools as portfolio
theory (Merton, 1969), Optimal control (Merton, 1971; Deelstra et al., 2000; Cairns, 2000;
Menoncin, 2002), with consequences of a stochastic environment (Boulier et al., 2000).
On the other hand, Fleming (1995) reformulated optimal investment models as risk-sensitive
stochastic control problem. This approach was used in Fleming and Sheu (1999) to give a detailed
analysis of an investment analysis of an investment model in which only one risky and riskless asset
are considered and transaction are ignored. Meanwhile, Constantinides (1979, 1986) had shown that
the optimal transaction policy is to maintain the ratio of the dollar amount invested in the riskless
asset to that in the risky asset within a certain range, represented by the buy boundary and sell
boundary. Consequently three regions are identified depending on the portfolio ratio: the notransaction region, the buy region and the sell region.
Instead in this paper, we consider a situation where a pensioner relies on a fund manager for access
to risky investment. As in Wang and Wang(2011), we characterise optimal fund management by the
fund manager who receives a management fund that is paid over time period at a fraction of current
assets under management. The fund manager accesses the fund via defined contribution or defined
benefit.
A defined contribution plan is a scheme where only contributions are fixed and benefits depends on
the returns on the assets of the funds. The risk derived from the fund management is borne by the
beneficiary. This is unlike to the defined benefit plan where the benefits are normally related to the
final salary level and the financial risk is assumed by the sponsor agent. The main objective of the
shareholder in the defined contribution plan is to maximize the expected utility obtained from fund
accumulation at a fixed date t .The contribution rate
is exogenous to this optimization
process, since it is generally determined by salary.
Using the method in Oksendal, 1998), we investigate herein the application of stochastic optimal
control as optimization techniques that will guarantee suitable life styling before and after
retirement (given defined contribution and define benefit) by finding its explicit solutions using
some utilities functions such as power law utility of the form
and
interpreting the solutions using a derived process
which can be recast in terms of an asset and
liability model(ALM) as in Osu(2011)
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3. Formulation of the Pension fund management investment Problems:
We consider a defined contribution pension scheme where benefits are paid from investment returns
span over a period of time horizon T. we are faced with the problem of finding the optimal
investment policy of the contributions (assets) that will guarantee pension liabilities during the life
span of the participant before and after retirement.
The financial market available for the portfolio allocation problem by the pension fund manager is
the Black-Scholes model (see Bjoik, 1998). This consists of two assets – riskless one, whose price
process St o is governed by the dynamics
(1)
Where r  0, and a risky asset, whose price dynamics St follows a geometric Brownian motion
dSt  St dt   St dWt
(2)
with drift  0 and diffusion  0 are some given constants, where Wt is a standard Brownian
motion defined on a complete filtered probability space (, f ,  ft  , P)with ft   Ws : s  t. The
investment policy is defined by a F  adapted process    t ,0,T  where  t represents the
proportion of pension fund contributed within the time t invested in the riskless asset at time t ;
the remaining ((1   t ) proportion of the pension fund or wealth accumulated is invested in the
risky asset.
Therefore, the wealth process satisfies

(3)
such a process

(4)
The liabilities after retirement are to be paid from the returns on investments by the funds
manager. During the phase of activity period, the funds can be invested in riskless or risky
assets; the reserve obtained at retirement age (T) is the portion of wealth accumulated without any
guarantee given by the fund manager.
The fund manager is faced with the problem of investing the reserve in risky assets.
We have stated the dynamics of the process from equations (1) to (4).
We consider the problem in three stages, due to the presence of liability only after retirement.
[1]: consider the pre-retirement t 0, N , a period without liability; we are
only faced with optimizing the utility of the final wealth. Consider the price process of (1) and (2),
the process S is the solution of the stochastic differential equation with S (0)  p  lump sum paid at
time t0
[2]:
consider the time of retirement (t  N ), the participant is about to exit from contributing to
the fund. The fund manger will consider how to invest and what proportion to be paid to the
participant and to invest.
[3]:
consider the post-retirement t  N , N  T  , the fund process is given by the SDE,
where a proportion of the fund is invested in risky asset
dX t  X t r     r t  dt  t dWt 

(5)
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Let X t denote the wealth at time t of some fund invested in the financial market. We assume that
the investor allocates continuously his wealth between the riskless and risky assets.
We shall denote by π i the proportion of the pension funds invested in the ith risky asset. This means
that

is the amount invested at time t in the ith risky asset, the remaining proportion of wealth

is invested in the non-risky assets.
The self-financing condition states that the variation of the wealth is only affected by the variation
of the price process. Under this condition, the wealth process satisfies

(6)

with

(7)
In the pension asset allocation process, the fund manager faces some randomness. Let  t and 1  t
be the proportion of pension funds invested in the money market stock.
We supposed that
is a Markovian control adopted to the filtration
and satisfying (see Josa-Fombellida and Rincon Z. (2010))

4. DEFINITION: 1
An investment strategy is a F-adapted process π valued in Rn and satisfying

super martingale, (7) as a non-negative local
martingale under po
We are faced with the problem of optimizing the expected utility of the final wealth at the end of
the periods.
i.e. maximization of the expected utility of the total pension funds obtained at retirement age.
(8)
Maximization of the expected utility of the surplus after payment of pension during T- periods is
defined as;
(9)
We are interested in the investigating the optimal policies in the two periods.
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5. DEFINITION: 2
A progressively measurable , self-financing portfolio strategy π(.) with initial wealth

is

called admissible if
(see Lim and Wong (2010))
Suppose that a participant decides to put a constant proportion of salary into personal pension fund.
Then the defined contribution level related to this is as follows (see Deelstra,G., and Koehl (2002))
Wages are subject to increase continuously at the inflation rate i
6. OPTIMAL POLICY BEFORE RETIREMENT WITH CONTRIBUTION RATE
We are required to solve equation (8) , that is

(10)
Where α is the contribution rate of the pensioner.
We state the value function of the problem as
(11)
with its associated HJB equation

(12)
The pension fund manager objective is to choose an allocation of the wealth so as to maximize the
expected utility of the terminal wealth, we have
(13)
with the HJB equation associated with the problem and Uis the set of all admissible portfolios, is a
modified equation of (12). ( Osu, B.O.(2011))

u

Where L is the 2

nd

(14)
order linear operator
(15)

(16)
Also from (16), we can derive the following two equations and a 2nd order condition.

(17)
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Plug back into HJB in (12), we have
(18)
we obtain a first explicit form for the optimal investment proportion

in risky asset
(19)

Substitute (19) into (17) we obtain a pde for the value function

(20)
We are faced with the problem of solving (20) for the value function W and substitute it in (19) to
obtain the optimal policy.
This equation admits some explicit solutions for the power law utility
(20a)
(20a) is a utility function with a constant relative aversion (CRRA)
The solution of (20) with the following structure

(20b)
The differential equation for

(21)

The solution is given by

(22)

And
The 2nd-order condition is also satisfied:

(23)

using (19 ) the optimal investment proportion
we obtained the explicit optimal policy:

(24)
This is a constant proportion depending on the risk premium
aversion

(Cairns, A., (2000))

the volatility

and the risk
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OPTIMAL POLICY AFTER RETIREMENT WITH TRANSACTION COST: Using the same
methodology in section 5 above, we formulate the problem as
(25)
(26)
where X(N) is the amount obtained at retirement.
The value function of process (26) is defined by
(27)
and the maximum principal gives

(28)
We obtained the following three conditions

(29)
We have the same kind of explicit form for the optimal control as in (19)
(30)
Substitute in (29) we obtain the pde
(31)
Again, we need to solve (31) for the value function Vand substitute it in (30) to obtain the optimal
policy. This equation also admits some explicit solutions for power law utility of the form

(32)
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Plug back these derivatives in (31)

(33)
We transform the third term as follows:
substitute in (33) to yield

(34)
Separating (34) into terms in

yields two equations

(35)
Solutions of [1] and [2] with their limit conditions are

(36)
The function at in (36) is the mathematical reserve required to meet the financial obligations of
the pension fund manager using a discount rate , the risk-free rate. The term
(37)
is the difference between the assets and liabilities.(see Pierre and Manuela (2003))
The above expression of (37) launches us into ALM scenario. We can then recast the value
function as
(38)
The optimal policy given by (30) yields
(39)
(40)

is the amount invested in risky asset, while the right hand side of (40)
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applied to a new process(see Merton, R.C.(1971))

(41)
Z
represents
the
free
surplus
of
the
pension
revolving
fund,
which
The process t
is the difference
between the asset and the discounted value of future obligations. This shows that at retirement age,
the strategy should change so as to guarantee the new liability.
7. OPTIMAL POLICY BEFORE RETIREMENT WHEN   0 AS IN THE CASE OF
DEFINED BENEFIT CONTRIBUTION
We are required to solve equation (8) when the contribution rate of the pensioner is zero (α = 0)

(42)
We state the value function of the problem as
(43)
with its associated HJB equation
(44)
The objective is to choose an allocation of the wealth so as to maximize the expected utility of the
terminal wealth. We have
(45)
we the HJB equation associated with the problem and Uis the set of all admissible portfolios as a
modified equation (44)
(46)

where Lu is the 2nd order linear operator

(47)

Hence we have the following two equations and a 2nd order condition

(48)
Substituting back into (44) we have
(49)
and obtain a first explicit form for the optimal investment proportion

in risky asset
(50)
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Substitute (50) into (48), we obtain a pde for the value function

(51)
with condition
Solving (51) for the value function W and substitute it in (50) to obtain the optimal policy before
retirement when contribution rate is zero as in the case of defined benefit contribution. The equation
admits some explicit solutions for the power law utility
(52)
The solution of (51) is the same as the structure defined in (20b).
The differential equation for β from (20) is

(53)
The solution is given by
(54)

(55)
The 2nd order condition is also satisfied
the optimal proportion

we obtain

the explicit

optimal policy:

(56)
This is a constant proportion depending on the risk premium
the volatility

and the risk aversion
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8. OPTIMAL POLICY AFTER RETIREMENT WHEN   0, AS IN THE CASE OF
DEFINED BENEFIT CONTRIBUTION
We formulate the problem as

Subject to
where X(N) is the amount obtained at retirement.
The value function of process (57) is defined by

(57)

(58)
and the maximum principal gives

(59)
We obtain the following three conditions

(60)
The same explicit form for the optimal control as in (50) is obtained
(61)
Plug back into (60) we obtain the pde

(62)
We need to solve (62) for the value function Vand substitute it in (61) to obtain the optimal policy
when contribution rate is zero.
This equation also admits some explicit solutions for power law utility of the form

We require solution of (62) with a candidate
(63)
Where atis the risk free rate required to meet the future obligation of the fund manager.
Then,
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Substitute back these derivatives in (62)

(64)
We transform the third term in (64) as follows:
and substitute in (64) to yield

(65)
Separating (65) into terms of

yields two sets of equations

(66)
Solutions of [1] and [2] with their limit conditions are

(67)
The function at as previously defined is the required reserve to meet the financial obligations of the
pension fund manager using a discount rate, the risk-free rate , when contribution rate is zero as in
the case of defined benefit, where the rate of contribution by the employee is zero
The term
(68)
is the difference between the assets and the liabilities to be managed in the defined contribution
settings.
Recasting the value function as

satisfying the 2nd order conditions as

(69)
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The optimal policy given by (61) yields
(70)

(71)
is the amount invested in risky asset in the defined benefit scheme, while the right hand side
of (71) still remains the classical coefficient of Merton
applied to a process
,
which represents the free surplus of the pension revolving fund also is the difference between the
asset and discounted value of fund manager’s obligations.
CONCLUSION
We have examined herein the effect of liability on the optimal investment of the fund reserve in a
defined contribution pension scheme as well as defined benefit pension scheme for before and after
retirement.
Before retirement
For the defined benefit,

That is, the investment proportion is a constant proportion that

depends on the interest rate r, the volatility  and  the risk aversion. Notice that
implying that the fund manager has no fund to invest with if the pensioner firm makes no
contribution. This will affect the economic index of the pensioner’s nation negatively.
On the other hand, as
for the defined contribution. Thus the economy of the
pensioner as well as the economic index of his nation is positively affected since there always some
contribution made by the pensioner irrespective of his firm’s inability to contribution.
After retirement
For

the

defined

benefit,

we

write

(with

brevity)

This implies that the amount required to meet the financial obligations of the
pension fund manager must be high enough to exceed the wealth of the pensioner. This will in fact
stress the reserve of the pensioner’s firm and may lead to the liquidation of the firm- which will in
turn, affect the economic index of the nation.
Notice also that
For the defined contribution;
as
leaving
a free surplus of the pension fund for the manager. We conclude that to meet the future financial
obligations of the fund manager, the defined contribution scheme is to be adopted. This is the
classical way to strategize as it decreases the amount invested in the risky assets (as seen by the
pensioner’s firm) so as to guarantee the needed liquidity.
We have examined the effect of liability on the optimal investment of the fund reserve in a defined
contribution scheme. We conclude that the classical way to strategize this, is to decrease the
amount invested in risky assets to guarantee the liquidity needed to meet the future financial
obligations of the fund manger
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