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Abstract: Combined effects of Hall currents and radiation on an unsteady MHD free convective
flow past a vertical flat plate with oscillatory plate temperature in a porous medium have been
studied. The governing equations are solved analytically in closed form. The results obtained are
presented graphically. It is found that the Hall currents accelerate the fluid velocity components
whereas the radiation has a tendency to retard the fluid velocity components. Porosity of the
medium has a tendency to enhance the fluid velocity components. Hall currents reduce the
amplitude of the shear stress at the plate due to the unsteady primary flow whereas they increase the
amplitude of the shear stress at the plate due to the unsteady secondary flow. Further, the rate of
heat transfer at the plate due to unsteady flow increases with an increase in either radiation
parameter or Prandtl number or frequency parameter.
1. Introduction
Free convective flows in a porous medium have received much attention in recent time due to its
wide applications in geothermal and oil reservoir engineering as well as other geophysical and
astrophysical studies. Moreover, considerable interest has been shown in radiation interaction with
convection for heat transfer in fluids. This is due to the significant role of thermal radiation in the
surface heat transfer when convection heat transfer is small, particularly in free convection
problems involving absorbing-emitting fluids. The effects of transversely applied magnetic field on
the flow of an electrically conducting viscous fluids have been discussed widely owing to their
astrophysics, geophysical and engineering applications. When the strength of the magnetic field is
strong, one cannot neglect the effects of Hall current. The radiative convective flow of an
electrically conducting fluid in the presence of a magnetic field is encountered in geophysical and
cosmical fluid dynamics. It is also important in the solar physics involved in the sunspot
development. In an ionized gas where the density is low and/or the magnetic field is very strong, the
conductivity normal to the magnetic field is reduced due to the free spiraling of electrons and ions
about the magnetic lines of force before suffering collisions and a current is induced in a direction
normal to both the electric and the magnetic fields. This current, well known in the literature, is
called the Hall currents. Due to Hall currents the electrical conductivity of the fluid becomes
anisotropic and this causes the secondary flow. Hall effect is important when the Hall parameter,
which is the ratio between the electron-cyclotron frequency and the electron-atom-collision
frequency, is high. This happens when the magnetic field is high or when the collision frequency is
low. Hall currents are of great importance in many astrophysical problems, Hall accelerator and
flight MHD as well as flows of plasma in a MHD power generator. Hall currents and surface
temperature oscillation effects on natural convection magnetohydrodynamic heat-generating flow
have been considered by
Takhar and Ram [1]. The unsteady hydromagnetic free convection flow with Hall currents and mass
transfer along an accelerated porous plate with time dependent temperature and concentration has
been studied by Sattar and Hossain [2]. Alagoa et al. [3] have studied magnetohydrodynamic
optically-transparent free-convection flow, with radiative heat transfer in porous media with timedependent
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suction using an asymptotic approximation, showing that thermal radiation exerts a significant
effect on the flow dynamics. Kinyanjui et al.[4] have presented the magnetohydrodynamic free
convection heat and mass transfer of a heat generating fluid past an impulsively started infinitely
long vertical porous plate with Hall current and radiation absorption. Hayat et al. [5] have
determined the Hall effects on the unsteady hydromagnetic oscillatory flow of a second-grade fluid.
Comprehensive literature on various aspects of free convection flows and its applications have been
discussed by Nield and Bejan [6]. The thermal radiation interaction on an absorbing emitting fluid
past a vertical porous plate immersed in a porous medium has been reported by Samad and Rahman
[7]. The heat and mass transfer of an unsteady MHD natural convective flow of a rotating fluid past
a vertical porous flat plate in the presence of radiative heat transfer have been studied by
Mbeledogu and Ogulu [8]. Beg and Ghosh [9] have investigated hydromagnetic free and forced
convection of an optically-thin gray gas from vertical flat plate subject to a surface temperature
oscillations with significant thermal radiation. The effects of thermal radiation, Hall currents, Soret,
and Dufour on MHD flow by mixed convection over a vertical surface in porous media have been
studied by Shateyi et al.[10]. Effects of radiation on free convection flow in a vertical channel
embedded in porous media have been studied by Das et al. [11, 12]. Krishna and Sujatha [13] have
discussed MHD free and forced convection flow of newtonian fluid through a porous medium in an
infinite vertical plate in presence of thermal radiation heat transfer and surface temperature
oscillation..
The aim of our present paper is to study the Hall effects on MHD free convection flow of an
electrically conducting, newtonian, optically-thin fluid past a vertical flat plate with thermal
radiation and oscillating plate temperature in a porous medium. It is found that thermal
radiation retards the steady as well as the unsteady fluid velocity components whereas the
buoyancy force and Hall currents accelerate the fluid velocity components. The frequency
parameter leads to rise the unsteady fluid velocity components. The fluid temperature falls due to
an increase in radiation parameter for both the steady as well as unsteady fluid velocity
components. The fluid temperature decreases with an increase in either Prandtl number or phase
angle whereas it increases with an increase in frequency parameter. In the steady flow, the
absolute value of the shear stress at the plate ( = 0) due to the primary flow decreases
whereas the shear stress at the plate ( = 0) due to the secondary flow increases with an
increase in Hall parameter m. Further, the amplitude of the rate of heat transfer at the plate
due to unsteady flow increases with an increase in frequency parameter n . In the absence of
Hall current ( m = 0 ), the steady and unsteady temperature distributions and the fluid velocity
components do not identical with the results obtained by Krishna and Sujatha [13]. This is due to
the error in the mathematical formulation of their problem. It is noted that the boundary condition
for w0 and w1 in the equations (2.35) and (2.37) of Krishna and Sujatha [13] suggest that w0 ( y) = 0
and w1 ( y) = 0 everywhere in the flow field. The forms u0  iw0 = F and u1  iw1 = H given by
equations (2.30) and 2.31) of Krishna and Sujatha [13] are meaningless. The graphs of w1 in
Figs.10, 11, 12, 13 and 14 are contradictory with the mathematical expression of w1 (as w1 =0).
2. Formulation of the problem and its solutions
Consider an unsteady MHD flow of a viscous incompressible electrically conducting fluid
past an infinitely long vertical flat plate embedded in a porous medium on taking Hall current
into account. Choose a Cartesian co-ordinates system with x -axis along the plate in the direction
of the flow, the y - axis is normal to the plate and the z -axis is perpendicular to xy -plane(see
Fig.1). The plate is moving with oscillatory velocity U (1  cos t), U being the mean velocity,
 being the frequency of the oscillations and  (1) is a real number. The plate temperature
oscillates with the same frequency as that of the plate oscillations about a non-uniform mean
temperature. A uniform magnetic field B0 is applied transverse to the plate. Since the plate is
infinitely long, all physical variables depend on y and t only. The fluid is considered to be gray,
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absorbing-emitting radiation but non-scattering medium. Since the magnetic Reynolds number
is very small for metallic liquid or partially ionized fluid the induced magnetic field produced
by the electrically conducting fluid is neglected.

Fig. 1: Geometry of the problem
Generalized Ohm's law on taking Hall current into account is [see Cowling [14]]

are respectively the velocity vector, the magnetic field vector,
the electric field vector, the current density vector, electric conductivity, cyclotron frequency and
electron collision time. In writing the equation (1), the ion-slip and the thermoelectric effects as
well as the electron pressure gradient are neglected.
Where

everywhere in the flow.
In view of the above assumption, equation (1) yields
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On the use of (4) and (5), the equations of motion are

Where k1 is the permeability of the porous medium,  the kinematic coefficient of viscosity 
the coefficient of thermal expansion, t time, g the gravitational acceleration and  the fluid
density. The energy equation is

where T is the temperature of the fluid, qr the radiative heat flux, k the thermal conductivity and
c p the specific heat at constant pressure. For the case of an optically-thin gray gas, the thermal
radiation flux gradient may be expressed according to Siegel and Howell [15] as

where Tis the temperature far away from the plate k the absorption coefficient of the fluid and
the Stefan-Boltzmann constant. It is assumed that the temperature differences within the
flow are sufficiently small such that T 4 may be expressed as a linea function of temperature. This
is accomplished by expanding T 4 in a Taylor series about T and neglecting higher-order terms,
we get
On the use of equations (9) and (10), equation (8) becomes

The boundary conditions for the velocity field and the temperature distribution are

where Tw is the plate temperature.
Introducing the non-dimensional variables

equations (6), (7) and (8) become
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The boundary conditions (12) become

where

is the frequency parameter.

Combining equations (14) and (15), we get

where
The corresponding boundary conditions for f and  are

To solve the differential equations (18) and (16), we assume

Where f 0 and  0 represent respectively the steady state velocity and temperature.
On the use of (21) and (22), equations (18) and (16) give,

The corresponding boundary conditions for f 0 , f1 , f 2 ,0 ,1 and  2 are
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The solutions of the equations (23) - (28) subject to the boundary conditions (29) are

Where

It is to be noted that in equation (34), upper sign for
For the steady state, the temperature distribution and velocity components are given by
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Where

and 1 and 1 are given by (36) and (.) s stands for steady state solution.
The unsteady temperature distribution and velocity components are

where

 ,  ,  2 ,  2 ,  3 , 3 are given by (36) and (.)us stands for unsteady state solution.
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In the absence of Hall currents (m = 0) , the steady state temperature distribution and
velocity components become

The unsteady state temperature distribution and velocity components are

Where

Equation (46) contradicts the results obtained by Krishna and Sujatha [13] [see equation
(2.43) of Krishna and Sujatha [13]]. Further, the expressions of C1 , D1 , C 2 and D2 are not given by
Krishna and Sujatha [13].
3. Results and discussion
We have presented the non-dimensional velocity components and temperature distribution against
 for several values of magnetic parameter M 2 , Grashof number Gr , Hall parameter m ,
radiation parameter Ra , Darcy number Da , Prandtl number Pr , frequency parameter n and
phase angle nin Figs.2-19. Figs.2-6 correspond to the steady primary velocity and the secondary
velocity for which there will be no surface temperature oscillations i.e. (n = 0) . It is seen from
Fig.2 that the steady primary velocity u s decreases while the steady secondary velocity ws
increases near the plate ( = 0) with an increase in magnetic parameter M 2 . This implies that
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magnetic field has a retarding influence on the steady primary velocity whereas it has an
accelerating influence on the steady secondary velocity. Fig.3 shows that both the steady primary
velocity u s and the steady secondary velocity ws increase in the vicinity of the plate with an
increase in Grashof number Gr which implies that the buoyancy force boosts the steady flow.
It is revealed from Fig.4 that both the steady primary velocity u s as well as the steady
secondary velocity ws increase near the plate with an increase in Hall parameter m . This indicates
that Hall currents have a tendency to accelerate the fluid flows. The radiation parameter Ra
represents the relative contribution of thermal radiative heat transfer to thermal conduction heat
transfer. For Ra < 1 , thermal conduction exceeds thermal radiation and for Ra > 1, this situation is
reversed. For Ra > 1, this situation is reversed. For Ra = 1 , the contribution from both modes is
equal. Fig.5 shows that as Ra increases the steady flow velocities u s as well as ws decreases
smoothly. It is revealed from Fig.6 that both the steady primary velocity u s as well as the steady
secondary velocity ws near the plate increase with an increase in Darcy number Da .
Darcy number is the measurement of the porosity of the medium. As the porosity of the medium
increases, the value of Da increases. For large porosity of the medium fluid gets more space to
flow as a consequence its velocity increases. Figs.7-14 display the unsteady primary and
the secondary velocities. It is observed from Fig.7 that both the unsteady primary velocity
uus and the unsteady secondary velocity wus decrease with an increase in M2 . The presence of a
magnetic field normal to the flow in an electrically conducting fluid introduces a Lorentz force
which acts against the flow. This resistive force tends to slow down the flows and hence the fluid
velocity decrease with an increase in magnetic parameter. This trend is consistent with many
classical studies on magneto-convection flow. Figs.8, 9 and 11 show that both the unsteady
primary velocity uus as well as the unsteady secondary velocity wus increase near the plate with
an increase in either Grashof number Gr or Hall parameter m or Darcy number Da . This
indicates that the buoyancy force, Hall currents and the porosity of the medium have an
accelerating influence on the fluid flows. It is seen from Figs.10, 12 and 14 that both the
unsteady primary velocity uus as well as the unsteady secondary velocity wus decrease near the
plate surface with an increase in either the radiation parameter Ra or Prandtl number Pr or phase
angle nPhysically, this is true because the increase in the Prandtl number is due to increase in
the viscosity of the fluid which makes the fluid thick and hence causes a decrease in the velocity of
the fluid. Fig.13 displays that an increase in frequency parameter n leads to rise in the fluid flows
which means that the momentum diffusivity of the fluid increases as compared to its thermal
diffusivity.
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Fig. 2: Steady state velocities for different M 2 when m = 0.5 , Gr = 5 , Da = 0.05 and Ra = 2

Fig. 3: Steady state velocities for different Gr when m = 0.5 , M 2 = 10 Da = 0.05 and Ra = 2
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Fig. 4: Steady state velocities for different m when M 2 = 10 , Gr = 5 , Da = 0.05 and Ra = 2

Fig. 5: Steady state velocities for different Ra when m = 0.5 , Gr = 5 , Da = 0.05 and M 2 = 10
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Fig. 6: Steady state velocities for different Da when m = 0.5 , Gr = 5 , Ra = 2 and M 2 = 10

Fig. 7: Unsteady state velocities for different M 2 when m = 0.5 , Gr = 2 Ra = 2 Pr = 0.03 n = 4 ,
Da = 0.067 and
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Fig. 8: Unsteady state velocities for different Gr when m = 0.5 , M 2 = 10, Ra = 2, Pr = 0.03, n = 4

Fig. 9: Unsteady state velocities for different m when Gr = 2 , M 2 = 10 , Ra = 2 , Pr = 0.03, n = 4 ,
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Fig. 10: Unsteady state velocities for different Ra when Gr = 2 , M 2 = 10 , m = 0.5 , Pr = 0.03 ,
n = 4,

Fig. 11: Unsteady state velocities for different Da when Gr = 5 , M 2 = 5 , m = 0.5 , Pr = 0.03
n = 4,
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Fig. 12: Unsteady state velocities for different Pr when Gr = 2 , M 2 = 10 , m = 0.5 , Da = 0.1,
n = 4,

Fig. 13: Unsteady state velocities for different n when Gr = 5 , M 2 = 2, m = 0.5 , Da = 0.1,
Pr = 0.3 ,
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Fig. 14: Unsteady state velocities for different n when Gr = 5 , M 2 = 5 , m = 0.5 , Da = 0.067 ,
Pr = 0.03 , Ra = 2 and n = 4
The effects of radiation parameter Ra , Prandtl number Pr , frequency parameter n and phase
angle non the temperature distribution have been shown in Figs.15-19. It is observed from
Fig.15 and Fig.16 that the fluid temperatures  s and  us decrease with an increase in radiation
parameter Ra . This result qualitatively agrees with expectations, since the effect of radiation
decrease the rate of energy transport to the fluid, thereby decreasing the temperature of the fluid.
Fig.17 shows that the fluid temperature  us decreases with an increase in Prandtl number Pr .
Prandtl number Pr is the ratio of viscosity to thermal diffusivity. An increase in thermal diffusivity
leads to a decrease in Prandtl number. Therefore, thermal diffusion has tendency to reduce the
fluid temperature. It is revealed from Fig.18 that an increase in frequency parameter n leads to
rise in the fluid temperature distribution  us . Fig.19 shows that the fluid temperature  us decreases
with an increase in phase angle n .

Fig. 15: Steady state temperature for different Ra
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Fig.16: Unsteady state temperature for different Ra when Pr = 0.03 , n = 4 and
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Fig.18: Unsteady state temperature for different n when Pr = 0.03, Ra = 1 and

The non-dimensional shear stresses at the plate ( = 0) due to the steady primary and the
secondary flows are respectively

where 1 and 1 are given by (36) and x1 and y1 are given by (40).
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The non-dimensional shear stresses at the plate ( = 0) due to the unsteady primary and the
secondary flows are respectively

Where

where  ,  ,  2 ,  2 ,  3 and  3 are given by (36) and x2 , y2 , x3 and y3 are given by (44).
Equations (48) and (49) show that the shear stress components at the plate ( = 0) due to the
steady flow experience a non-periodic oscillation which depends on the magnetic parameter
M 2 , Hall parameter m , Grashof number Gr , Darcy number Da and radiation parameter Ra .
It is seen from equations (50) and (51) that the shear stress components due to the unsteady
flow are subjected to periodic oscillations which not only depend on M 2 , m , Gr , Da and
Ra but also depend on the frequency parameter n as well as Prandtl number Pr .
Numerical results of the shear stresses at the plate ( = 0) due to the steady flow, the amplitudes
and the tangent of phases of shear stresses at the plate ( = 0) due to the unsteady flow are
presented in Tables 1-7 for several values of magnetic parameter M 2 , Hall parameter m , the
radiation parameter Ra , Darcy number Da , Prandtl number Pr and frequency parameter n
when Gr = 5 . Table 1 shows that the absolute value of the shear stress ( x0 ) s at the plate due to the
steady primary flow and the shear stress ( x0 ) s at the plate due to the steady secondary flow
increase with an increase in magnetic parameter
M 2 . It is found from Table 2 that the absolute value of the shear stress ( x0 ) s at the plate
increases while the shear stress ( x0 ) s at the plate decreases with an increase in radiation parameter

Ra . It is observed from Table 3 that the absolute value of the shear stress ( x0 ) s at the plate
decreases while the shear stress ( x0 ) s at the plate increases with an increase in Darcy number Da .

It is revealed from Tables 1,2 and 3 that the absolute value of ( x0 ) s at the plate decreases whereas
the shear stress ( x0 ) s at the plate increases with an increase in Hall parameter m . Table 4 reveals
that the amplitude R1 of the shear stress at the plate ( = 0) due to the unsteady primary flow
increases with an increase in either frequency parameter n or radiation parameter Ra whereas it
decreases with an increase in either Darcy number Da or Hall parameter m . It is seen from Table
5 that the amplitude R2 of the shear stress at the plate ( = 0) due to the unsteady secondary flow
decreases with an increase in eithe frequency parameter n or radiation parameter Ra whereas it
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increases with an increase in either Darcy number Da or Hall parameter m . Table 6 displays
that the tangent of phase  tan 1 of the shear stress at the plate ( = 0) due to the unsteady
primary flow decreases with an increase in radiation parameter Ra whereas it increases with an
increase in either Darcy number Da or frequency parameter n or Hall parameter m . It is seen
from Table 7 that the tangent of phase tan 2 of the shear stress at the plate ( = 0) due to the
unsteady secondary flow decreases with an increase in radiation parameter Ra whereas it
increases with an increase in either Darcy number Da or frequency parameter n or Hall
parameter m .
Table 1. Shear stresses ( x0 ) s and ( x0 ) s at the plate ( = 0) when Da = 0.04 and Ra = 1

Table 2. Shear stresses ( x0 ) s and ( z0 ) s at the plate ( = 0) when Da = 0.04 and M 2 = 10

Table 3. Shear stresses ( x0 ) s and ( z0 ) s at the plate ( = 0) when Ra = 1 and M 2 = 10

Table 4. Amplitude R1 at the plate ( = 0) when M 2 = 10 and Pr = 0.03
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Table 5. Amplitude R2 at the plate ( = 0) when M 2 = 10 and Pr = 0.03

Table 6. Tangent of phase  tan 1 at the plate ( = 0) when M 2 = 10 and Pr = 0.03

Table 7. Tangent of phase tan2 at the plate ( = 0) when M 2 = 10 and Pr = 0.03

The rate of heat transfer at the plate ( = 0) due to the steady flow is

The rate of heat transfer at the plate ( = 0) due to the unsteady flow is

Where
is the amplitude and tan 3=  /is the tangent of phase of the rate of
heat transfer at the plate ( = 0) due to the unsteady flow,  and  are given by (36).
The numerical values of the amplitudes and tangent of phases of the rate of heat transfer at the
plate ( = 0) due to the unsteady flow are entered in the Tables 8 and 9 for several values of
Prandtl number Pr , radiation parameter Ra and frequency parameter n . Table 8 shows that the
amplitude R3 of the rate of heat transfer at the plate ( = 0) due to the unsteady flow increases with
an increase in either Pr or Ra or n . It is found from Table 9 that the tangent of phase  tan3 of
the rate of heat transfer at the plate ( = 0) due to the unsteady flow increases with an increase
in either Prandtl number Pr or frequency parameter n whereas it decreases with an increase in
radiation parameter Ra .
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Table 8. Amplitude R3 of the rate of heat transfer at the plate ( = 0)

Table 9. Tangent of phase  tan 3 of the rate of heat transfer at the plate ( = 0)

4. Conclusion
The combined effects of Hall currents and radiation on an unsteady MHD free convective flow
of a viscous incompressible electrically conducting fluid past a vertical flat plate with oscillatory
plate temperature embedded in porous medium have been investigated. Thermal radiation retards
the steady as well as the unsteady velocity components whereas buoyancy force and Hall
currents accelerate the velocity components. The porosity of the medium has an accelerating effect
on the velocity field. Thermal radiation leads to fall the fluid temperature for both the steady as
well as unsteady flow. The fluid temperature decreases with an increase in Prandtl number. The
tangent of phase  tan1 of the shear stress at the plate due to the unsteady primary flow
increases with an increase in either Darcy number Da or Hall parameter m . Further, the
amplitudes and tangent of phases of the rate of heat transfer at the plate due to the unsteady flow
increase with an increase in frequency parameter.
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