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Abstract: In this paper, we establish a common fixed point theorem in semi-metric space
with compatible mapping of type (E) which improves and extends similar known results in the
literature.
1. Introduction
Banach contraction principle is a well known fundamental result in fixed point theory which has
been used and extended in many different directions. There have been several generalizations of
metric space. Among which one of the generalization is semi-metric space initiated by M.Frechet
[5], K. Menger [12] and W.A. Wilson[15]. M. Cicchese[4] introduced the notion of contractive
mapping in semi-metric space and proved the first fixed point theorem for this class of space. M.
Aamri and D.El. Moutawakil[1] gave a notion of E.A. property which generalize the concept of
non-compatible mappings in metric space and proved some common fixed point theorems for noncompatible mappings under strict contractive conditions. G.Jungck[11] introduced the concept of
weakly compatible mapping. This concept has been frequently used to prove existence theorem in
common fixed point theory.
Among various type of compatible mapping in 2007, M.R. Singh and Y. M. Singh[14]
introduced the concept of compatible mapping of type (E). In this paper we prove a common
fixed point theorem for two pairs of self mappings using compatible mapping of type (E) in semimetric space by extending the results of M. Aamri and D.El. Moutawakil[1] and other similar
results.
Let X be a non-empty set and
be a semi-metric space (symmetric space)
if and only if it satisfies the following:
W1 :
W2 :

if and only if
if and only if

.
for any

.

The difference of a semi-metric and a metric comes from the triangle inequality. In order to
obtain fixed point theorems on a semi-metric space, we need some additional axioms which are as
follows.
Let
W4[15]:

be a semi-metric space. Then, for sequence
and

H.E[1].:

,

in X and

, we have

imply

.

imply

.

Definition 1.1 [1] Let A and B be two self-mappings of a semi-metric space
are said to be compatible if
that

, whenever
, for some

.
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. Then A and B

is a sequence in X such
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Definition 1.2. [1] Let A and B be two self-mappings of a semi-metric space
satisfy the property E.A if there exists a sequence

. Then A and B

such that

, for some

.

Definition 1.3. [14] Let A and B be two self-mappings of a semi-metric space
B

. Then A and

are said to be compatible mapping of type (E)
if

and

, whenever

a sequence in X such that
Proposition 1.1[10]:

, for some

is
.

Let A and B be two compatible mappings of type (E). If one of the function is continuous, then i)
and

,

where

and

ii) If there exists

.

such that

, then

.

In order to establish our result, we need a function

satisfying 0

.

2. Main Results:
Theorem 2.1: Let
be a semi-metric space that satisfies (W4) and (H.E). Let A,B,T and S be
self mappings of X, such that
i)

and

,

ii) d(Ax, By)

for all

iii) The pair

or

iv) The pair

and

v)

or

,

satisfies E.A. property,
are compatible mapping of type (E), and

is a d-closed subset of X.

If one of the mapping A,B,T and S is continuous then A,B,T and S have a unique common fixed
point.
Proof:
Since (B, T) satisfies the property E.A. then there exists a sequence { } in X such that
=
= 0, for some
.
Since

, there exists a sequence {

in X such that

and hence.

By the property H.E, we get .
If
is a d-closed subset of X there exists a point
Also, we have
.
Now, using condition (ii), we get

such that

.
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d(Au, B
Letting

)

51

)
, we have

d(Au, B

) = 0. By the property W4,

This implies

Since
, there exists a point
such that,
We claim that,
. Using condition (ii), we get

.

. This implies

=

, that is
<

which is a contradiction. Therefore, we have

.

Hence, we have
=
For the existence of a common fixed point for four
mappings of a semi-metric space we apply compatible mapping of type (E).
Suppose S is continuous and (A, S) is compatible mappings of type (E), then by the proposition
1.1, we have
, then
.
Now, we have
We claim that
is a common fixed point of A and S, if
Using condition (ii), we get

.

, that is
<
, which is a contradiction.
Therefore, we have
which implies
. Hence
point of A and S. By the proposition 1.1, we have
.
Similarly, we can show that
is common fixed point of B and T. Since

is common fixed
. Thus, we have
,

is a common fixed point of A,B,T and S . If z is another common fixed point of A,B,T and S,
such that
.
Using condition (ii), we get

, which is a contradiction.
. Hence A, B, T and S have a unique common fixed point.

So, we get

Example 2.1. Let
with semi-metric space
self-mappings A, B, T and S as
for all x.
if
and
,
,

,

=

if

=
=

.

, define by

. Define
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Then A, B, T and S satisfy all the conditions of the above theorem and have a unique common fixed
point at x = 1.
In theorem 2.1, if we take

we have the following corollary.

Corollary 2.1: Let
be a semi-metric space that satisfies (W4) and (H.E) and Let A and T be
self mappings of X, such that
i)

.
d(Ax, Ay)
iii) The pair
satisfies E.A. property.
iv) The pair
are compatible of type (E)
v)
is a d-closed subset of X.

for all

If one of the mapping A and T is continuous then A and T have a unique common fixed point.
Remarks : Our result generalizes the result of M. Aamri and D.El. Moutawakil [1], and S. H. Cho,
G .Y .Lee, and J. S. Bae [4] extends the results of [7], [8] and other similar results in semi-metric
space .
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