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Abstract: In the paper, we discuss the existence and uniqueness solution of fuzzy control integro
differential equation with perturbed. The method of successive approximations is utilized to
establish these results.
1. Introduction
The fuzzy set theory introduced by Zadeh has emerged as an interesting and fascinating branch
of pure and applied sciences. The applications of fuzzy set theory can be found in many branches of
regional, physical, mathematical, differential equations andengineering sciences. Recently, the
authors have made important research results in the theory of fuzzy differentialequations, integrodifferential equations, fuzzy integro-differential equations, …
The fuzzy integro-differential equation in parametric form is converted to its related crisp form
and the variational iteration method is used to approximate the solution of crisp integro- differential
equation. Convergence of the obtained solution to exact solution is considered (see [3]). T.
Allahviranloo et al considered the existence and uniqueness of solutions of fuzzy Volterra integrrodifferential equations of the second kind with fuzzy kernel under strongly generalized
differentiability. The authors studied fuzzy set control differential equations (FSCDE) and the
problem of stability and controllability of FSCDE (see [5]). In [6], the authors consider the
existence of solutions of perturbed fuzzy integro differential equations

In this paper, we consider the existence and uniqueness of fuzzy control integro-differential
equation with perturbed of the form

where u(t) is admissible control and some suitable conditions
2. Preliminaries
We recall some notations and concepts presented in detail in recent series works of Prof.
V.Lakshmikantham et al …(see [1,2,]). Let KC (Rn) denote the collection of all nonempty, compact
and convex subsets of Rn. Given AB in KC (Rn), the Hausdorff distance between A and B defined
as
where ∥∙∥𝑅𝑛 denotes the Euclidean norm in Rn. It is known that KC (Rn),dH is a complete metric
space and if the space KC (Rn) is equipped with the natural algebraic operations of addition and
nonegative scalar multiplication, then KC (Rn) becomes a semilinear metric space which can be
embedded as a complete cone into a corresponding Banach space.
The set [𝜔]𝑎 = {𝑧 ∈ 𝑅 𝑛 : 𝜔(𝑧) ≥ 𝛼, 0 < 𝛼 ≤ 1} is called the α-level set. For all 0 ≤ 𝛼 ≤ 𝛽 ≤ 1 then we
have [𝜔]𝛽 ⊂ [𝜔]𝛼 ⊂ ł𝑒𝑓𝑡[𝜔0 . Set 𝐸 𝑛 = {𝜔: 𝑅 𝑛 → [0,1] such that (z) satisfies (i)-(iv) stated below }
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i). is normal, that is, there exists an 𝑧0 ∈ 𝑅 𝑛 such that z0)=1;
ii). is fuzzy convex, that is, for 0 ≤ 𝜆 ≤ 1, 𝜔(𝜆𝑧1 + (1 − 𝜆)𝑧2 ) ≥ min{𝜔(𝑧1 ), 𝜔(𝑧2 )} ;
iii). is upper semicontinuous;
iv). [𝜔]0 = 𝑐𝑙{𝑧 ∈ 𝑅 𝑛 : ω(z) > 0} is compact.
The element 𝜔 ∈ 𝐸 𝑛 is called a fuzzy number or fuzzy set.
For two fuzzy sets 𝜔1 𝜔2 ∈ 𝐸 𝑛 , we denote 𝜔1 ≤ 𝜔2 if and only if [𝜔1 ]𝛼 ⊂ [𝜔2 ]𝛼 . Let us denote
the distance between 𝜔1 and 𝜔2 in En, where 𝑑𝐻 [[𝜔1 ]𝛼 , [𝜔2 ]𝛼 ] is Hausdorff distance between two
set[𝜔1 ]𝛼 , [𝜔2 ]𝛼 of KC(Rn). Then (En, D0) is a complete space.
Some properties of metric D0 are as follows.

for all 𝜔1 , 𝜔2 , 𝜔3 ∈ 𝐸 𝑛 and 𝜆 ∈ 𝑅. Given an interval 𝐼 = [𝑇0 , 𝑇] ⊆ 𝑅+
Let us denote 𝜃 ∈ 𝐸 𝑛 the zero element of 𝐸 𝑛 as follows:

where 0̂ is the zero element of Rn. Let 𝑢, 𝑣 ∈ 𝐸 𝑛 . The set 𝑤 ∈ 𝐸 𝑛 satisfying u=u+w is known as the
geometric difference of the set u and v and is denoted by the symbol u v . The mapping
𝐹: 𝑅+ ⊃ 𝐼 = [𝑇0 , 𝑇] → 𝐸 𝑛 is said to have a Hukuhara derivative x '(τ) at a point τI , if

exist and equal to DHx(τ). Here limits are taken in the metric space (En,D0) . If xI En is
continuous, then it is integralble and
𝑡2

𝑡1

𝑡2

∫ 𝑥(𝑠)𝑑𝑠 = ∫ 𝑥(𝑠)𝑑𝑠 + ∫ 𝑥(𝑠)𝑑𝑠
𝑡0

𝑡0

(2.1)

𝑡1

If FG I En are integralble, λR , then some properties below hold
𝒕

𝑡

𝑡

∫(𝑥(𝑠) + 𝑦(𝑠)) 𝑑𝑠 = ∫ 𝑥(𝑠)𝑑𝑠 + ∫ 𝑦(𝑠)𝑑𝑠
𝑡

𝒕𝟎

𝑡

𝑡0

𝑡0

∫ 𝜆𝑥(𝑠)𝑑𝑠 = 𝜆 ∫ 𝑥(𝑠)𝑑𝑠, 𝜆 ∈ 𝑅, 𝑡0 ≤ 𝑡 ≤ 𝑇.
𝑡0

𝑡

𝑡0
𝑡

𝑡0

(2.3)

𝑡

𝐷0 [ ∫ 𝑥(𝑠)𝑑𝑠 , ∫ 𝑦(𝑠)𝑑𝑠] ≤ ∫ 𝐷0 [𝑥(𝑠), 𝑦(𝑠)]𝑑𝑠
𝑡0

(2.2)

𝑡0

(2.4)
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3. Main Results
In the section, we consider the existence and uniqueness of fuzzy control integro-differential
equation with perturbed of the form

(3.1)
where f: TEnEP→En; g: TEnEPEn→En; h,k: TT EnEP→En are levelwise continouns; the
control 𝑢(𝑡) ∈ EP If u: T→ EP is integrable, the it is called an admissible control and the interval
𝑇 = {𝑡: |𝑡 − 𝑡0 | ≤ 𝜎 ≤ 𝑠 ≤ 𝑎} with a>0. Let U be a set of all admissible controls. The mapping
(t)C1[TEn ] is said to be a solution of E.q (1.1) on T . The solution of E.q (1.1) is written in the
form

(3.2)
We
denote
QTB(x0b1)B(u0b2),
Q0TB(x0b1)B(x0b1)B(u0b2)
n
Q1TTB(x0b1)B(u0b2) where b1, b2>0, x0 E , u0 EP,
𝐵(𝑥0 , 𝑏1 ) = {𝑥(𝑡) ∈ 𝐸 𝑛 : 𝐷[𝑥, 𝑥0 ] ≤ 𝑏1 }, 𝐵(𝑢0 , 𝑏2 ) = {𝑢(𝑡) ∈ 𝐸 𝑃 : 𝐷[𝑢, 𝑢0 ] ≤ 𝑏2
Assume that 𝑥, 𝑦: 𝑇 → 𝐸 𝑛 satisfy the following hypotheses:

and

𝑡

(A1) For every 𝑢(𝑡) ∈ 𝑈 then admissible control 𝑢(𝑡) satisfies: ∫𝑡 𝐷0 [𝑢(𝑠), 𝜃]𝑑𝑠 <B, with B is
0
fixed real number.
(A2) 𝑓: 𝑄 → 𝐸 𝑛 is levelwise continouns and for any (txu)(tyv)Q, we have

where Lf is a given constant.
(A3) 𝑔: 𝑄0 → 𝐸 𝑛 is levelwise continouns and for any (tx1 y1 u)(tx2 y2 v)Q , we have

where Lg is a given constant.
(A4) ℎ, 𝑘: 𝑄1 → 𝐸 𝑛 is levelwise continouns and for any (tsxu)(tsxv) Q1 we have

where Lh ,Lk is a given constant.
Theorem . If the conditions (A0)-(A3) holds then there exists a unique solution x(t) of (3.1) defined
|𝑡 − 𝑡0 | ≤ 𝜎. Moreover, there exists 𝑥(𝑡): 𝑇 → 𝐸 𝑛 such that 𝐷(𝑥𝑛 (𝑡), 𝑥(𝑡)) → 0 on |𝑡 − 𝑡0 | ≤
𝛿 𝑎𝑠 𝑛 → ∞
Proof. Let us define a sequence 𝑥𝑛 (𝑡)𝑖𝑛 𝐸 𝑛 , n=0,1,2,… of successive approximations as follows
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(3.3)
For n 1, t T we have

which proves that x(t) is levelwise continouns on t t0 a and hence t t0σ. Moreover, we
observe that

and

and

From these results, we have the following evaluation

with
𝑀 = 𝐷0 [𝑥0 , 𝜃] + 𝐵, 𝐿𝑓𝑔 = max{𝐿𝑓 , 𝐿𝑔 } , 𝐿𝑓𝑔𝑘 = max{𝐿𝑔 𝐿𝑘 , 𝐿ℎ } 𝑎𝑛𝑑 𝑀1 = max{𝐿𝑓𝑔 , 𝐿𝑓𝑔𝑘 }
Now assume that {xn-1} is levelwise continouns on |𝑡 − 𝑡0 | ≤ 𝜎 an that

Let us prove there a fuzzy set-valued sequences {xn(t)} such that𝐷0 [𝑥𝑛 (𝑡), 𝑥(𝑡)] → 0 uniformly on
|𝑡 − 𝑡𝑜 | ≤ 𝜎 𝑎𝑠 𝑛 → ∞. For n 2 , we have
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Observe that for 1 2 3 n = 1,2,3..., , one has

We have
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and consequently,

𝑛

𝑛+1

𝐷0 [𝑥𝑛+1 (𝑡), 𝑥𝑛 (𝑡)] ≤ 2
1
∑∞
𝑖=1 𝑖!

1 𝜎 𝑛+1
𝜎 𝑛+1
𝜎 𝑛+2
𝑀𝑀1 (∑ ) [
+2
+
]
𝑖!
𝑛!
(𝑛 + 1) (𝑛 + 2)!

(3.4)

𝑖=1

The series
is convergent. From (3.4) it follows that 𝐷0 [𝑥𝑛+1 (𝑡), 𝑥𝑛 (𝑡)] → 0 uniformly on
|𝑡 − 𝑡𝑜 | ≤ 𝜎 𝑎𝑠 𝑛 → ∞. Now, we want to show that limit process is solution to (3.1). Indeed, we
show that {xn(t)} satisfies (3.1), we have

We consider
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Therefore,

with any fixed t T . Hence the existence of solutions is proves.
If we have two solutions x(t)y(t) of (3.1) with condition
D0[x(t)y(t)] 0 . We have
𝑡

𝑡

x0=y0. We have to prove that

𝑠

𝑥(𝑡) = 𝑥0 + ∫ 𝑓(𝑠, 𝑥(𝑠), 𝑢(𝑠))𝑑𝑠 + ∫ ∫ ℎ(𝑠, 𝜏, 𝑥(𝜏), 𝑢(𝜏))𝑑𝜏𝑑𝑠
𝑡0
𝑡

𝑠

𝑡0 𝑡0

+ ∫ g (𝑠, 𝑥(𝑠), 𝑢(𝑠), ∫ 𝑘(𝑠, 𝜏, 𝑥(𝜏), 𝑢(𝜏))𝑑𝜏) 𝑑𝑠
𝑡0
𝑡

𝑡0

𝑡

𝑠

𝑦(𝑡) = 𝑦0 + ∫ 𝑓(𝑠, 𝑦(𝑠), 𝑢(𝑠))𝑑𝑠 + ∫ ∫ ℎ(𝑠, 𝜏, 𝑦(𝜏), 𝑢(𝜏))𝑑𝜏𝑑𝑠
𝑡0
𝑡

𝑠

𝑡0 𝑡0

+ ∫ g (𝑠, 𝑦(𝑠), 𝑢(𝑠), ∫ 𝑘(𝑠, 𝜏, 𝑦(𝜏), 𝑢(𝜏))𝑑𝜏) 𝑑𝑠
𝑡0

By using assumption above, we infer that

𝑡0
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Using Gronwall’s inequality (see [2]), we get
𝐷0 [𝑥(𝑡), 𝑦(𝑡) ≤ 2𝐷0 [𝑥0 , 𝑦0 ]exp{4(𝐿𝑓𝑔ℎ + 𝜎𝐿𝑔𝑘 )}
By x0=y0 then D0 [x0 , y0]=0. It implies D0[x(t)y(t)] 0 Hence, the unique of solutions is proves.

□
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