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Abstract. In this work, the dynamical behavior of the system with two preys and one predator popu-
lation is investigated. The predator exhibits a Holling type II response to one prey which is harvested
and a Beddington-DeAngelis functional response to the other prey. The boundedness of the system
is analyzed. We examine the occurrence of positive equilibrium points and stability of the system at
those points. At trivial equilibrium Ej and axial equilibrium (£} ), the system is found to be unstable.
Also we obtain the necessary and sufficient conditions for existence of interior equilibrium point ( Eg)
and local and global stability of the system at the interior equilibrium ( Fg). Depending upon the exis-
tence of limit cycle, the persistence condition is established for the system. The numerical simulation
infer that varying the parameters such as e and ), it is possible to change the dynamical behavior of
the system from limit cycle to stable spiral. It is also observed that the harvesting rate plays a crucial
role in stabilizing the system.

Introduction

Mathematical modeling for interaction between species using differential equation is one of the most
classical applications to biology. Analytical techniques with computer power paved a way for better
understanding and development of these models. Prey-predator models are relatively well-studied
example of interactions. The dynamic relationship between predators and their prey has long been
and will continue to be one of the dominant themes in mathematical ecology, due to its universal
existence and importance. The most noteworthy component in prey-predator models is the “predator’s
functional response on prey population”, it describes the amount of prey consumed by an average
predator. The stability of prey-predator systems with such functional response has been the area of
concentration for many theorists and experimentalists.

Two species models with functional responses are extensively studied in ecological literature [2, 9,
10, 14]. Interactions on two species continuous time systems with a predator and a prey limited only
to equilibrium point or to a limit cycle. Several ecological circumstances have been analyzed by in-
teraction between two or more species. The system representing the interaction between three species
shows complex dynamical behavior [3,4,6,7,8,12]. The interaction of species involving persistence
and extinction have been the area of interest for researchers [1,5,11,13].

This paper is organized as follows. We start in section 2 by defining the mathematical model
of three species population which consists of two preys and one predator. The non linear system of
differential equations governed this system is introduced. Section 3 deals with the determination of
equilibrium points and their existence conditions. In section 4, we analyzed dynamical behavior of
these equilibrium points. Global stability and persistence of the system is studied in section 5. In
section 6 to deals with Numerical simulation and discuss the problem.

Mathematical Model

This mathematical model consists of two prey and one predator species. One of the prey species is
harvested. The predator exhibits a Holling type II response to one prey and a Beddington-DeAngelis
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functional response to the other. It is also assumed that there is no interaction between the two preys.
The two prey species grow logistically and direct competition is considered between them. The math-
ematical model for the food web is given by the following system of equations

X _ rX(l—E)— X2 px

dt K) 1+bX

dy Y YZ

= = sy (1-2) - 1
dt ° < L) 1+ diY +doZ )
4z MaXZ ApcY Z

—-— = + —eZ

dt 1+0X  1+d\Y +doZ

Where r, s capita intrinsic growth rate for preys X and Y, K and L are carrying capacities for preys
X, Y. Also a and c are capturing rates of predator Z on X and Y - b/a and d; /c are the predators
handling time on preys X and Y - H is the constant effort harvesting rate of prey X, e is the natural
death rate of predator Z - d; measures the effect of anti-predator behavior of prey Y - A\; and ), are co-
efficients which measures the predators efficiency to convert prey biomass of X and Y respectively.
We non-dimensionalize the system (1) using x = bX,y = d,Y, 2 = dyZ and we obtain the following
system

dz [ -z
e _(1—0z1x)—151+x—h]
dy Pa -z
A 1— _ e 2
7 sy _( gy) 1+y+z] (2)
p -
@z _ . 71z 4 Y 1
dt 14+2 1+y+z
Where

ap = 1/Kb1,0ég = ]./Ldl,ﬁl = G/ng,ﬁg = C/Sdg,’71 = )\1@/6[), Y2 = )\20/6(11, h = H/T’
The system (2) has to be analyzed with the following initial condition
2(0) = 0,5(0) = 0,2(0) = 0.

Existence of Equilibrium Points

It can be checked that the system (2) has seven non-negative equilibrium points and three of them

1—h 1
namely F(0,0,0), £y ( 0, O) , By (O, —, O) always exists. We show that the existence of
(03] (0%}

other equilibrium as follows
Existence of F5(7,7,0)
Here z, y are the positive solutions of the following algebraic equations

re(l —ayx —h) =0 3)
sy(l —agy) =0 4)
Solving (3) and (4) we get
. 1—h _ 1
goi=hs 1 5)
(05) (0D)]

Thus the equilibrium

Es(Z,7,0) existsif h < 1,1 > 0,5 >0 (6)



22 BMSA Volume 16

Existence of F,(7,0,%)
Here 7, Z are the positive solutions of the following algebraic equations

rw(l—alx— frz —h)) =0

1+

ez(—1+ m )zO
1+z

Solving (7) and (8) we get

F= Z = n — —1)—«
e =1 (71— 1)26; (=R —1) 1]

Thus the equilibrium

E4(T,0,%) exists if 13 > 1, (1 — h)(11 — 1) > ay

Existence of F;5(0, 7, 2)
Here ¢, Z are the positive solution of the following algebraic equations

522
1 . - - — O
W( e S R

I1+y+=z
Solving (11) and (12) we get

—(Bay2 — 72— B2) £ \/(/32’72 — Y2 — B2)? + 4Bay2000
2792000

=
Thus the equilibrium
E5(0,9, 2) existsif v > 1

Existence of F(z*,y*, 2*)

Here (z*, y*, z*) is the positive solution of the system of algebraic equation given below:

51'2’ |

1-— - —hf =0

rxl( 1) T2

52'2 |

1_ - - = 0
syk a2y) T+y+2)

ez nE + 12y -1 = 0
I+z 14y+z |

Eliminating z from (15), (16) and (17), we get

f(z,y) =0and g(z,y) =0

Where

fl@y) = %yl +2)[(6:— (1 —ay)] — 1 +y)[B(1+2—mnw))

g(r,y) = (1 —ax—h)[B(l+z—m)]) — Bilry(l — ay)]

2=00e—-1) -1

(7)

8)

9)

(10)

(11)

(12)

(13)

(14)

(15)

(16)

(17)

(18)

(19)
(20)
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From (19) as z — 0,y — vy, is given by
. _Bl + B% - 4A101

Ya 24,
Where
Ap = 7m0
By =782 — 72 — [
Cy = =P
Note that y, is positive and real if 85 < 0
. dy Py
Also fi t 19), we have — = —
so from equation (19), we have i 0,

Where

Pro= y172y(B — 1 — agy)
Q1 = 71+ 2)(f— 14+ ay) — Bo(1 +2(1 — 7)) (B2 — 2) (21)

It is clear that if P, > 0 and (), < 0, it requires y; > 1 and 5 > a»

From (20) as z — 0,y — vy is given by

“ By + /B2 — 44,0,
_ 22
Yp = oA, (22)

Where

Ay = Bry20s

By = —

Cy = Bo(1 — h)

Note that y, is positive and real if h > 1
We also have

dg
dy __ ox
dx dg
Ay
We note that
Z—i < Oifg—i < O,% < 0 holds good.

Knowing the value of x*, y*, the value of z* can be evaluated from

o eyt (L4 27)(1 — asy”)
Bo(1 4 2*(1 = m))

Boundedness

(23)

Theorem 1. The solutions x(t),y(t) and z(t) of system (2) initiating in R®. are positive and bounded
forallt > 0.

Proof. Since the densities of population can never be negative, obviously the solutions (), y(t) and
z(t) are positive for all ¢ > 0.

From the first equation of model (2), we have

dx
pr <rz(l— o)



24 BMSA Volume 16

By smplifying, we have

1
lim sup z(t) < — (24)

t—o00 O[l
Similarly, from the second equation of model (2)

1
lim supy(t) < — (25)
t—o00 052

Consider (t) = p1x(t) + poy(t) + z(t). For real positive number 7,

ds dx dy dz
— Q(t) =p1— — + — t t t 26
praa (t) Py +p2dt+dt+77(291$()+p2y()+2()) (26)
. €M1 €72 o . . . ip
Choosing p; = ?, p2 = —— and substituting equation (2) in (26) and simplifying, we get
TP1 SP2

r +nQ(t) = pra(r +n) + pay(s + 1) — prra@? — pesagy® — pirhx + (n —e)z

ds?
If we choose 1 < e, then =T nQt) < pi(r+mn) +pa(s+n)
<9
Applying Birkoff Lemma on differential inequality we get,
) Q(x(0),9(0),2(0
OSQ(IL’,y,Z)S—(l—e_nt)—F ('T( >7y( )7Z( ))
n

ent

Andfort%oo,OSQSé

n
Thus all solutions of system (2) enter into the region

1 1 )
B:{(x,y,z):ogxé—,ogyg—,0§Q§—+ef0ranye>0}
o1 &%) n

Stability Analysis

We shall examine the stability of the system (2), the variational matrix relating to every equilibrium
steady state is measured.

pirz —Byrx
-2 — —h 0
r—2aqrw (1+2) r T4z
Basz(1 + z) —B2sy(1 +y)
E(x,y,z)= 0 s —2a98Yy — T —_—
(@y,2) T Aty (Ity+2)?
ez Yeez(l + 2) g nez 2ey(l +y)
(1+x)? (1+y+2)? (1+2z) (A+y+=2)?

Theorem 2. The trivial equilibrium point Ey is stable in z direction and unstable in x — y direction
if h < 1. Otherwise it is stable in x — z direction and unstable in y direction if h > 1.

Proof. The variational matrix for the equilibrium point at £y (0, 0, 0) is

r—hr 0 O
Eo = 0 S 0
0 0 —e
The eigen values of Ey are \y = r — hr, \y = sand A3 = —e.

If h < 1, clearly two of the eigen vales are positive and one will be negative. In this case it is unstable
manifold in # — y direction and stable in z direction. Suppose if h > 1 it is stable in z — z direction
and unstable in y direction.

This completes the proof.
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Theorem 3. The equilibrium point E is stable manifold in x — z direction and unstable in y direction
ifh <land (0 <y <1

1—nh
Proof. The variational matrix for the equilibrium point at £ <—, 0, 0) 1s

Bur(h —1)
r(h—1) 0 = (h= 1)
Ey = 0 S 0
(h=1){1 =m) —a
LY | S S

The eigen values of the matrix F; are
(h-—1)(A —m)—a
If h < 1and 0 < v, < 1 clearly two of the eigen vales are negative and one will be positive. Thus F;
is stable manifold = — z direction and unstable manifold in y direction.
This completes the proof.

Theorem 4. The equilibrium point Fs is locally asymptotically stable if h > 1 and v5 < as + 1
otherwise unstable in x — z direction and stable in y direction if h < 1 and 5 > ay + 1.

1
Proof. The variational matrix for the equilibrium point at F, (O, —, O) is
0%

r(l—h) O 0
0 _s —528
E2 = 1 -+ (6)
0 0 €2
1+ s

The eigenvalues of the matrix £ are

M=r(1—h)do=—sand g = — 2 .
1 —|— (0%)]
If h > 1and v, < a9 + 1 in this case all the eigenvalues are negative. This shows the equilibrium £

of the system is locally asymptotically stable.

Suppose if A < 1 and 75 > a5 + 1 in this case two of the eigen values are positive and one of them
will be negative. Hence it is unstable in © — z direction and stable in y direction.

This completes the proof.

Theorem S. The equilibrium point Fs is locally asymptotically stable if h < 1,0 < v1 < 1 and
Yo < (vg + 1.

Proof. The variational matrix for the equilibrium point at F3(Z, ¢, 0)

r — 20qr% — hr 0 _517?
S5l + )
- — P28y Yy
— 0 5 — 2098 2—~
B " Y e+ 9)
Y1€X Y2ey(l +y
0 0 —e—+ — -
i (1+2) (1+7)%
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1—nh
Putz = ,y = — then
aq (8%
B ﬁﬂ“(h-l) T
—r(l1—~h 0 _
rt—h) al—(ﬂh—l)
By = 0 - — 728
¥ ° 1+062
2 — (g + 1) y1(1—h) }
0 0 e
L (C(Q—l-l) @1+(1—h> n

72— (a2 +1) (1 —h)
(ag + 1) ar+(1—h)|"
All the eigenvalues are negative if h < 1,0 < 7, < 1 and 75 < ag + 1. This shows the equilibrium
point E5 of the system is locally asymptotically stable.
This completes the proof.

The eigen values of the matrix F3 are —r(h — 1), —s and e [

Theorem 6. The  equilibrium  point  FE, is  locally  asymptotically  stable if
a; < (1—=h)(m—1) <2a;and vy > 1.

Proof. The variational matrix for the equilibrium point at F4(7, 0, Z) is

A* —Blrf
! (1+7)
E, = 0 BT 0
Y1€2 Yo€Z C
(1+7)2 (1472 !
Where Bz By57 _
A*: _2 — 1rz B*: _ 28% dC*:— Y1E€T
1= arT —(1+f)2, 1=S5 (1437 and Cy 6+(1+E)
_ _ 4!
Here 7 = andz=——((1—-h —1) -«
=1 (1 —1)26 I )0 ) 1

The eigen values of the matrix E, are negative real parts if A} < 0 and Bf < 0 and C} < 0. By
simple calculation we obtain the condition oy < (1 — h)(y1 — 1) < 2y and vy > 1.

Therefore the equilibrium point £ of the system is locally asymptotically stable.

This completes the proof.

Theorem 7. The equilibrium point Ej5 is locally asymptotically stable if h > 1 and vy, > 1.

Proof. The variational matrix for the equilibrium point at E5(0, g, 2) gives

A 0 0
CAsallad
0 B; styA( +Ay)
Es = (149 +2)?

yez  yei(l+ 2)
1 (1494 2)?

rZ Sz
_ b — hr, B} = 5 — 2038y — b

C;

Y2ey(1+7)

Where A} =
s =T (1+9+2)?

m and Cék = —e+
—(Boye — 72 — B2) + v/ (Baya — 12 — B2)? + 4Bapas
29900 7

Here y =

f=jlp—1)—1
The eigen values of the matrix F5 are negative real parts if A5 < 0, By < 0and C; < 0.
By simple calculation, we obtain the condition A > 1 and v, > 1.
Therefore the equilibrium point Fs of the system is locally asymptotically stable in the x — y — 2
direction.
This completes the proof.
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Theorem 8. The equilibrium point Eg(x*,y*, 2*) is locally asymptotically stable if and only if the
inequalities of (28) satisfied.

Proof. The variational matrix at the equilibrium point Fg(z*, y*, z*)

a;; 0 a3
Ee= |0 azx a3
31 a3z ass
Where

. Birz* —Birx* . Pasz*(1+42%)

ap =1 —2017" — ———5 — == Ay = 8 — 2098y — ——

(1+a) A+y +2)

_ —Pasy*(1+yY) ezt ezt (14 2Y) _ ez’ Yaey* (1 +y*)

a23_*—*2’a31_ *270,32— * *2,CL33——€+ * * *)2

(1+y* +2%) (14 z*) (1+y*+2%) (1+a*)  (1+y*+2%)
Then the corresponding characteristic equation becomes

)\3+A1)\2+A2)\+A3:0

Where
Ay = —(a11 + azn + ass)

= |(e+rh—1)—s)+ <2a1mc* + 2aa8y* +

( yexr* | ypey(l +y*))

- * + * *)2
(I+x*)  (14+y*+ 2%

Agg = agaass — agsase + ai1a22 + a11a33 — A13a31

Posz*(1 + z*) ) ( yex” ey (1 +y") )]
=|(s—2aysy" — ——= | | —e+ +
[( T Uy a2 (T+az%)  (I+y +2z7)?

Birz* N Posz*(1 + z*) )
(I+a%)? (1+y*+2)?

Basy*(1 4+ y*) Birz*
—_ . *(1 * -2 e —h
(g ot 2 U 2o = g =
Pasz*(1 4 z¥) 11 prrz*
s =205y — ——mm= || + | | — 2472 — ————= — hr
( 2o (1+y* + 2%)? ' (1+2%)?
mer” Yoey* (1 +y*) pira* - ez
et 2 )| T 3
(T4+a2r)  (I+y +27) (14 2%)
Ag = det(E*)
= Q11032023 — Q11022033 + A130A2203]
* * 1 *
* * 1 * *
. —e+ Y1ET + Y2€Y ( + Yy ) —|r—= 20&1TI'* . /BITZ _ h?”
(14+2*)  (14y*+2)2 (14 2*)?
| Basy* (L4 y7) Bosz(1 4 2*)
(1+y* + 2)?

(Bira”) - mez”
(1+a%)3

Therefore an application of Routh-Hurwitz criterion shows that

an < 0,a9 <0 (27)

Yoez* (1 4+ z*)] + { ] : {s — 2008y" —

(1 +y* +Z*)4 ’

Then the following conditions are satisfied
Ay >0,A3 >0and A; Ay — A3 >0 (28)

Hence the positive equilibrium point Eg(z*, y*, z*) is asymptotically stable.
This completes the proof.
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Global Stability and Persistance

Here we show the Global Stability Analysis of the system (2) by using Lasalle’s invariance principle
and suitable Lyapunov function.
Global Stability of F,
We shall modify the system of equation (2) into a linear system to study the global stability of £ by
considering a suitable Lyapunov function at the equilibrium point.
By letting
r=z"+x; y=y+y; z2=2"+zn
Where x1, y1, 21 are small perturbations about x*, y*, z* respectively.
The linear system of equation (2) is
dxy [ . Puratt —Byra*
Rl e = KR e |
dy, [ . Pasy*z" —Basy* (L +y")
E <1+y*+z*>2] u [(1+y*+z*>2 } A &
dz [ ye*z* yaez* (1 4 z*) —Ypey* 2
@ |0+ x*)?] 1 {a Fy >} {a Ty >] B

Considering a suitable Lyapunov function

% y1 Z%
V(z1,91,21) = 5 + 2" + 5 (30)

where y* is element of the equilibrium point Fs.
We note that V' (1, y1, 21) is a positive definite function.
Differentiate (30) with respect to ¢, we get

V(1,51 41) :$1i1+%+212”1 3D
Substituting (29) into (31), we get

V(jjlaylazl) = 1 H—Oélm“* + —Blm*z* } 1 + {—(—Blrx*)] 21}

(14 a*)? 1+
6282* _ﬁQS(l + y*)
oo e e [T >

yie*z* Yoez*(1 4 2%) —ypey* z*
+oa|| | | i |t | 2
1H(lJr%’*)Q} 1 {(1+y*+2*)2]y1 {(1+y*+Z*)2} 1}

In the equilibrium point Fsy, z* = 0,2* =0
On simplification of (32) we have

Vo in2) = [oash + [ 725 s

Which is negative semi definite.
1

Therefore Es (O, —, 0) is Lyapunov stable.
(&)

Thus the set .
S = {(ml,yl, 21) [V (&1,91, 1) = 0} becomes S = {(x1, yl, z1)/y1 = 0} when it contains only the

trivial trajectory by LaSalle’s invariance principle E. ( ) is globally asymptotically stable.
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Theorem 9. The interior equilibrium Es is globally asymptotically stable in the interior of the quad-
rant of the x — y plane.

1
Proof. Let Hy(z,y) = —
)

Clearly H;(x,y) is positive in the interior of the positive quadrant of x — y plane.
Let
hi(z,y) = rz(l — a1z — h)
ha(z,y) = sy(1 — asy)
0

0
Then A(l’, y) = g(thl) + a—y(thl)

—Tron SQp

Yy i

<0

Using Bendixson-Dulac criteria, we note that A(x, y) remains the same sign and is not identically
zero in the interior of the positive quadrant of the z — y plane.
This completes the proof.

We shall now prove that £ is globally asymptotically stable.

Theorem 10. The interior equilibrium F, is globally asymptotically stable in the interior of the quad-
rant of the x — z plane.

1
Proof. Let Hy(z,2) = —;
z
Clearly Hy(x, 2) is positive in the interior of the positive quadrant of x — z plane.

Let
hi(z,z) =rx {(1 — T — 1%_2 - h)}

71T
h = -1
o(x,2) = ez { + 1 —l—x}

0 0
Then A(.CE, Z) = %(thg) -+ &(thg)
1 [—e +rax —rBiz+ey + 671:17}

x (1+ x)?

<0

Using Bendixson-Dulac criteria, we note that A(x, z) remains the same sign and is not identically
zero in the interior of the positive quadrant of the z — 2 plane.
This completes the proof.

We shall now prove that £5 is globally asymptotically stable.

Theorem 11. The interior equilibrium Fs is globally asymptotically stable in the interior of the quad-
rant of the y — z plane.

1
Proof. Let H3(y,z) = —

yz

Clearly H3(y, z) is positive in the interior of the positive quadrant of y — z plane.



30 BMSA Volume 16

Let

_ B2z
hi(y, z) = sy (1 A

—en |1 Y
hQ(y,z)—eZ[ 1+1+y+2]
Then A( z)—ﬁ(hH)—i—g(hH)

Y, _83/ 1413 5, 124

:_ﬁﬁ_<£ﬁ;ﬂ£>
z (I+y+2)?
<0
Using Bendixson-Dulac criteria, we note that A(y, z) remains the same sign and is not identically

zero in the interior of the positive quadrant of the y — z plane.
This completes the proof.

We shall now prove that E is globally asymptotically stable.

Theorem 12. The co-existence equilibrium point Eg(x*,y*, 2*) is globally asymptotically stable with
respect to all solutions initiating in the interior of B satisfy the following conditions

* . <51R1 62R2)
Z¥ < min , ,
71 Y2
* Y1 — 61 (33)

xt = ,
b
R —
y* < Vz(ﬁl—i_al 1> BlﬁQv’yl >B17,72 > 62
5152

Proof. The proof can be reached by using Lyapunov stability theorem which gives sufficient condi-
tion.

Now let us consider a positive definite function V' (x, y, z) such that

1 T 1
V) = Hiomer=rmn(E)]+2o-v
(z,9,2) T(x ") 2l — —I—s(y y")
—yin (L) ]+ =) - =i (2] (34)
in the interior of the positive octant.
Differentiate (34) with respect to time ¢ we get
V= (1 — 25— L — )= 35
=)t =) (a2 (39)

Using system of equation (2) into (35)
Bz

—h — ) 1= _
T2 +(y—y) any

* mx Yy
— -1
+(Z Z){l—i-x—i_l—i-y—l—z ]

v :(x—ﬂ)b—aw— foz }

I+y+=z

After simple calculation we have

V=—(z—a) (041— ( b )) — (v —a")(2 — 2%) (/Bl(leI*)_%)

1+ z)(1+z* (14 2)(1 4 z¥)
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—(y — ) (OQ_ Baz"* )) -y (e — 2) (52(1+y*)—72(1+2*)>

(1+y+2)(1+y+2* (14+y+2)(1+y*+ 2%
(I+y+2)(1+y*+2%)

The above equation can be written as
V= —[bu(r — %) + big(x — 2°)(2 — 2%) + baa(y — y*)? + baz(y — y*) (2 — 2*) + baz(z — 2*)?]

Where

z* 1+ x*) — z*
by = (041 - 5}1-{1 ); bl3 = (61( R1) 71); by = <042 - 6;2 )>

by — (ﬁ2<1 +y") =+ z*)) by = L2V
Ry ’ Ry

Here Ry = (1 +x)(1+2*),Ro=(1+y+2)(1 +y*+ 2%)

Then the sufficient condition that 1 to be negative definite is

b1 > 0, 5%2 < 4by1bys.

Hence V' is a Lyapunov function with respect to Fg(z*, y*, z*).

Therefore co-existence equilibrium point Fjg is globally asymptotically stable.

In the next theorem, we show that system (2) is uniformly persistent. By the permanence or per-
sistence of a system, we mean that all the species are present and none of them will go to extinction.

Theorem 13. Let the hypotheses of Theorems 9, 10 and 11 hold and then the system (2) is uniformly
persistent if following inequalities hold

(i) s(1 +2)* > Basz

(ii) r > (B1rz + hr)

Proof. We prove this theorem by method of average Lyapunov function.
Let the average Lyapunov function for system (2) be

o(X) = xPylz"
where p, ¢ and r are positive constants.
Clearly o(X) is a non-negative function defined in D of R?
where

D= (:v,y,z),:c>O,y>0,2>0,ozg(1+y+z)2+M >0}

S
Then we have

_o(X
=p—+q- +r=-
x Y Z

+q

=plr|{l—ax— prz —h s 1—a2y—& +rle Nt + 2y —1

14+ 14+y+ =2 142 14+y+=z
Further, hypotheses of Theorems 9, 10 and 11 implies that there are no-periodic orbits in the inte-
rior of positive quadrant of x — y plane, x — z plane and y — z plane.

Thus to prove that uniform persistence of the system, it is enough to show ¢ (z) > 0 in R? for a
suitable choice of p, g, > 0.
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$(Eg) = plr(1 = h)] +gs —ve > 0

e(h—1)(1 - ) — a1] 0

W(Ey) =qs+r

(Xl—<h—1)
Y(Ey) =p(r(1—h))+r 1?22 — e] >0
B [ v2 — (g + 1) m (1l —h)
w(E?,)—?”_@[ o+ 1 +a1+(1—h)”>0
_ P25z
@b(E4):q_s—(1+z)2 >0

W(Es) = p[r — B1yzZ — hr] >0
We note that by increasing p to sufficiently large value ¢)( Ey) can be made positive.
This completes the proof.

Numerical Simulations

Analytical studies become complete only with the numerical justification of the results. A qualita-
tive analysis of the main features in the system is described by numerical simulations. Therefore, we
assign some hypothetical data in order to verify the analytical result that has been obtained. The nu-
merical experiments are conducted to examine the dynamical behavior of the system in three different
parameter sets. It is obvious that changing the parameter value changes the numerical outcomes. So
every different set of parameter gives unique results.

Let R; be the parameter set taken as

r=3,s=25K=50,L=30,a=1,b=0.04,c=0.001,

A1 =0.125, A2 =0.5,e =0.5,d; =0.001,dy =1

With the above parameter set, the system (1) has varying harvesting rate. If the intrinsic growth
rate is higher than the harvesting rate, the predator population becomes extinct and the population
density of one prey (prey 1) becomes low while that of the other becomes high (Refer Fig. 1 and 2).
If the harvesting rate exceeds the intrinsic growth rate of the prey, the prey and predator becomes
extinct. (Refer Fig.3). This implies that the harvesting rate plays a pre-dominant in the stability of
system (1).

Let R, be the parameter set taken as

r=2s=1K=50,L=30,a=1,b=0.04,c=0.001,

A =0.125, Ay =0.5,d; = 0.001,dy =1, H = 0.5

In the above parameter set at e = (.7, it is observed that stable spiral exists (see Fig. 4 and 5)
which is globally asymptotically stable.

Let 1?3 be the parameter set taken as

r=2,s=1K=>50,L=30,a=1,b=0.04,c=0.001,

Ay =0.5,e=0.5,d; =0.001,dy =1, H =0.5

The graphical results obtained from the parameter set 3 infers that increasing the value of \; will
increase the population density of the predator and second prey but decrease the population density
of first prey (Refer Fig. 6-7) and phase portrait of the system (Refer Fig.8).
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Fig.1. Numerical solution of system (1) at H=0.75

time series
50 -
prey1
prey2
P predator
30
=
20
10+
‘\\ /‘( \ UINANNAAARAARANRAARAAA A A
L L L L

L L L L L I
0 20 40 60 80 100 120 140 160 180 200
x(t)

Fig.2. Numerical solution of system (1) at H=1
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Conclusion

In this paper, we studied the dynamical behavior of a two prey and one predator system. In this model
system predator exhibits holling type II functional response to one prey and Bedding ton-De angelis
functional response to other. Such a different choice of functional response is useful, when handling
time for one prey is negligble where as the predator needs sufficient handling time for other.

To examine the dynamical behaviour of the system, we have first discussed the existence of pos-
sible steady states and their local stability. Global stability of the system is shown by using Lyapunov
stability theorem. The condition for the persistance in the system examined. Our Mathematical model
shows that, using the parameter H and \; as control, it is possible to break stable state into unstable
state. Also it is possible to keep the population level in finite time. More over the system is driven
from limit cycle to stable spiral by varying natural death of predator (e¢) and food conversion rate of
predator (\;) that are globally asymptotically stable.
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