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Abstract. In this work, we use the fractional complex transformation which  converts  nonlinear  

fractional partial differential equation  to nonlinear ordinary differential equation. A fractional novel 

(G‘/G)-expansion method is used to look for exact solutions of nonlinear evolution equation with 

the aid of symbolic computation. To check the validity of the method we choose the space-time 

fractional symmetric regularized long wave (SRLW) equation and as a result, many exact analytical 

solutions are obtained including hyperbolic function solutions, trigonometric function solutions, and 

rational solutions. The performance of the method is reliable, useful and gives  more new general 

exact solutions than the existing methods. 

1. Introduction 

Fractional differential equations are generalizations of classical differential equations of integer 

order. Fractional Calculus, which is the field of mathematical analysis dealing with the investigation 

and applications of integrals and derivatives of arbitrary order, has attracted in recent years a 

considerable interest in many disciplines. It has been found that the behavior of many physical 

systems can be more properly defined by using the fractional theory.  In recent years, considerable 

interest in fractional differential equations has been stimulated due to their numerous applications in 

the areas of physics and engineering [1]. Many important phenomena in electromagnetics, 

acoustics, viscoelasticity, electrochemistry and material science are well described by differential 

equations of fractional order [2-6]. Although the fractional calculus was invented by Newton and 

Leibniz over three centuries ago, it only became a hot topic recently owing to the development of  

the computer and its exact description of many real-life problems. A physical interpretation of the 

fractional calculus was given in [7]. With the development of symbolic computation software, like-

Maple, many numerical and analytical methods to search for exact solutions of NLEEs have 

attracted more attention. As a result, the researchers developed and established many methods, for 

example, Cole-Hopf transformation [8], Tanh-function method [9-13], Inverse scattering  transform 

method [14], Hirota method [15], Backlund transform method [16], Variational iteration method 

[17, 18], Exp-function method [19-23], Extended tanh-method [24-26], Homogeneous balance 

method [27, 28] and F-expansion method [29, 30] are used for searching the exact solutions. 

Lately, Wang et al. [31] introduced a direct and concise method, called (G‘/G)-expansion method 

and demonstrated that it is a powerful method for seeking analytic solutions of NLEEs. For 

additional references see the articles [32-37]. In order to establish the efficiency and diligence of 

(G‘/G)-expansion method and to extend the range of applicability, further research has been carried 

out by several researchers. For instance, Zhang et al. [38] made a generalization of (G‘/G)-

expansion method for the evolution equations with variable coefficients. Zhang et al. [39]  also 

presented an improved (G‘/G)-expansion method to seek more general traveling wave solutions. 

The (G‘/G)-expansion method and the transformed rational function method used by Ma [40, 41] 

have a common idea. That is, we firstly put the given NLEE into the corresponding ordinary 

differential equation (ODE), and then ODE can be transformed into a system of algebraic 

polynomials with the determining constants. By the solutions of the ordinary differential equation, 

we can obtain the exact traveling solutions and rational solution of the nonlinear evolution quations. 

In this article, we will apply novel (G‘/G)-expansion method introduced by Alam et al. [42] to solve 

the space-time fractional partial differential equation in the sense of modified Riemann-Liouville 
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derivative by Jumarie [43]. To illustrate the originality, consistency and advantages of  the method, 

we will apply it to the space-time fractional SRLW equation and abundant new families of exact 

solutions are found. 

The Jumarie’s modified Riemann-Liouville derivative  [43] of order α  is defined by the following 

expression: 

          (1) 

Some important properties of Jumarie’s derivative are: 

             (2) 

            (3) 

          (4) 

2. Description of the Method 

Suppose that a fractional partial differential equation in the independent variables  say, x and t is 

given by  

             (5) 

 
The main steps of the method are as follows:  

Step 1: Li et al. [44] proposed a fractional complex transformation to convert fractional partial 

differential equations into ordinary differential equations (ODE), so all analytical methods devoted 

to the advanced calculus can be easily applied to the fractional calculus. The traveling wave 

variable 

           (6) 

 

              (7) 

where the superscripts stand for the ordinary derivatives with respect to ζ 

Step 2. Integrate Eq. (7) term by term one or more times if possible, yields constant(s) of 

integration which can be calculated later.    

Step 3: Assume that the  solution of Eq. (7) can be expressed as: 

                         (8) 

Where  

                    (9) 
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                      (10) 

 

                      (11) 

Eq. (11) has individual twenty five solutions (see Zhu, [45] for details).  

Step 4: The value of the positive integer m can be determined by balancing the highest order linear 

terms with the nonlinear terms of the highest order come out in Eq. (7). 

 
Step 6: Suppose the value of the constants can be obtained by solving the algebraic equations 

obtained in step 4. The values of the constants together with the solutions of Eq. (10) yield abundant 

exact traveling wave solutions of the nonlinear evolution equation (5). 

3. Application of the Method to the Space-Time Fractional SRLW Equation  

We consider the following space-time fractional SRLW equation 

                (12) 

which arises in several physical applications including ion sound waves in plasma. This equation is 

symmetrical with respect to x and  t. It arises in many nonlinear problems of mathematical physics 

and applied mathematics. Periodic wave solutions of SRLW have been given by using the Exp 

function method [46] and (G‘/G)-expansion method [47]. Alzaidy [48] applied fractional sub-

equation method to space-time fractional symmetric regularized long wave (SRLW) equation and 

find hyperbolic function solutions, trigonometric function solutions, and rational solutions. By the 

use of Eq. (4), Eq. (12) is converted into an ordinary differential equation and after integrating 

twice, we obtain 

                     (13) 

 

               (14) 
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Set 1: 

                    (15) 

Set 2: 

 

 (16) 

 
Set 3: 

      (17) 

 
Substituting Eqs. (15)-(17) into Eq. (14), we obtain 

                     (18) 

 

               (19) 

                (20) 
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               (21) 

             (22) 

    (23) 

   (24) 

(25) 

(26) 
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(27) 

where F and H are real constants. 

          (28) 

          (29) 

         (30) 

          (31) 
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          (32) 

               (33) 

 (34) 

   (35) 

 (36) 

 (37) 
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(38) 

 

          (39) 

        (40) 

       (41) 

   (42) 

8 ATMath Volume 2



          (43) 

 
 

          (44) 
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          (45) 

 

(46) 

        (47) 

 (48) 

The other families of exact solutions of Eq. (12) are omitted for convenience. 
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 (49) 

 

 
 

(50) 
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  (51) 

 

 

(52) 

where c3 is an arbitrary constant. 

We can write down the other families of exact solutions of Eq. (12) which are omitted for 

practicality. 

Finally, substituting  the solutions G(ζ) of the Eq. (10) into Eq.(20) and simplifying, we obtain the 

following solutions: 

(53) 

(54) 

(55) 

Others families of exact solutions are omitted for the sake of simplicity. 

 (56) 
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  (57) 

 (58) 

  (59) 

where c4 is an arbitrary constant. 

Other exact solutions of Eq. (12) are omitted here for convenience. 

 

Remark: We have checked the obtained solutions by putting them back into the original equation 

and found correct. 
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5. Conclusions 

A novel (G‘/G)-expansion method is applied to fractional partial differential equation successfully. 

As applications, abundant new exact solutions for space-time fractional symmetric regularized long 

wave (SRLW) equation have been successfully obtained. The nonlinear fractional complex 

transformation for ζ is very important, which ensures that a certain fractional partial differential 

equation can be converted into another ordinary differential equation of integer order. The obtained 

solutions are more general, and many known solutions are only a special case of them. Thus novel 

(G‘/G)-expansion method would be a powerful mathematical tool for solving nonlinear evolution 

equations. 

References: 

[1] B. J. West, M. Bolognab, P. Grigolini, Physics of fractal operators, Springer, New York, 2003.  

[2]  K.S. Miller, B. Ross, An introduction to the fractional calculus and fractional  differential 

equations, Wiley, New York, 1993. 

[3] S. G. Samko, A. A. Kilbas and O. I. Marichev, Fractional integrals and derivatives: Theory and 

Applications, Gordon and Breach, Yverdon, 1993.  

[4] I. Podlubny, Fractional differential equations, Academic Press, San Diego, 1999.  

[5] S. Das, R. Kumar, P. K. Gupta and H. Jafari, Approximate  analytical  solutions for  fractional 

space-and time-partial differential equations using Homotopy Analysis Method,  Application and 

Applied Mathematics: An International Journal 5(10) (2010) 1641-659.   

[6] H. Jafari and C. M. Khalique, Analytical solutions of nonlinear fractional differential equations 

using variational iteration method,  Journal of Nonlinear Systems and Applications,  2(3-4)  (2011) 

148-151.   

[7] S. Das, A note on fractional diffusion equations. Chaos, Solitons and Fractals 42, (2009) 2074–

2079.  

[8] A. H. Salas and C. A. Gomez, Application of the Cole-Hopf transformation for finding exact 

solutions to several forms of the seventh-order KdV equation, Math. Prob. Engr. Art. ID 194329 

(2010) 14 pages.  

[9] W. Malfliet, The tanh method: A tool for solving certain classes of nonlinear evolution and 

wave equations, J. Comput. Appl. Math. 164-165 (2004) 529-541.  

[10] W. Malfliet, Solitary wave solutions of nonlinear wave equations, Am. J. Phys. 60 (7) (1992) 

650-654.  

[11] M. A. Abdou, The extended tanh-method and its applications for solving nonlinear physical 

models, Appl. Math. Comput. 190 (2007) 988-996.  

[12] A. M. Wazwaz, The extended tanh-method for new compact and non-compact solutions for the 

KP-BBM and the ZK-BBM equations, Chaos, Solitons and Fract. 38 (2008) 1505-1516.  

[13] E. G. Fan, Extended tanh-function method and its applications to nonlinear equations, Phys. 

Lett. A, 277 (2000) 212-218.  

[14]  M. J. Ablowitz and P. A. Clarkson, Solitons, nonlinear  evolution equations and  inverse 

scattering transform, Cambridge Univ. Press, Cambridge, 1991.  

[15] R. Hirota, Exact solution of the KdV equation for multiple collisions of solutions, Phys. Rev. 

Lett. 27 (1971) 1192-1194.  

[16] C. Rogers and W. F. Shadwick, Backlund Transformations, Academic Press, New York, 1982.  

[17] H. Jafari and H. Tajadodi, He's variational iteration method for solving fractional Riccati 

differential equation,  International Journal of Differential Equations, Volume 2010 (2010), Article 

ID 764738, 8 pages, doi:10.1155/2010/764738.   

[18] N. Faraz, Y. Khan, H. Jafari, A. Yildirim and M. Madani, Fractional variational iteration 

method via modified Riemann-Liouville derivative, Journal of King Saud University  - Science, 23 

(2011) 413-417.  

[19] J. H. He, X. H. Wu, Exp-function method for nonlinear wave equations, Chaos, Solitons Fract. 

30 (3) (2006) 700-708.  

14 ATMath Volume 2



[20] H. Naher, F. A. Abdullah and M. A. Akbar, New traveling wave solutions of the higher 

dimensional nonlinear partial differential equation by the Exp-function method, J. Appl. Math., Vol. 

2012, 14 pages. Doi: 10.1155/2012/575387.  

[21] S. T. Mohyud-Din, Solutions of Nonlinear Differential Equations by Exp-function method, 

World Appl. Sci. J. 7 (Special Issue for Applied Math): (2009) 116-147.  

[22] S. T. Mohyud-Din, M. A. Noor and A. Waheed, Exp-function method for generalized 

travelling solutions of Calogero-Degasperis-Fokas equation. Z. Naturforsc. A, J. Phy. Sci. 65a 

(2010): 78-84.  

[23] M. A. Akbar and N. H. M. Ali, New Solitary and Periodic Solutions of Nonlinear Evolution 

Equation by Exp-function Method, World Appl. Sci. J. 17(12) (2012) 1603-1610. 

[24] M. A. Abdou, A.A. Soliman, Modified extended tanh-function method and its application on 

nonlinear physical equations, Phy. Lett. A, 353 (6) (2006) 487-492.  

[25]  S. A. El-Wakil, M.A. Abdou, New exact travelling wave solutions using modified extended 

tanh-function method, Chaos, Solitons Fract. 31 (4) (2007) 840-852.  

[26] Z. Lü, H. Zhang, Applications of a further extended tanh method, Appl. Math. Comput. 159 (2) 

(2004) 401-406.  

[27] X. Zhao, L. Wang, W. Sun, The repeated homogeneous balance method and its applications to 

nonlinear partial differential equations, Chaos, Solitons Fract. 28 (2) (2006) 448-453.  

[28] F. Zhaosheng, Comment on “On the extended applications of homogeneous balance method”, 

Appl. Math. Comput. 158 (2) (2004) 593-596.  

[29] M. Wang and X. Li, Applications of F-expansion to periodic wave solutions for a new 

Hamiltonian amplitude equation, Chaos, Solitons and Fract. 24 (2005) 1257-1268.  

[30] M. A. Abdou, The extended F-expansion method and its application for a class of nonlinear 

evolution equations, Chaos, Solitons Fract. 31 (2007) 95-104.  

[31] M. Wang, X. Li and J. Zhang, The (G‘/G)-expansion method and travelling wave solutions of 

nonlinear evolution equations in mathematical physics, Phys. Lett. A, 372 (2008) 417-423.  

[32] M. A. Akbar, N. H. M. Ali and S. T. Mohyud-Din, The alternative (G‘/G)-expansion method 

with generalized Riccati equation: Application to fifth order (1+1)-dimensional Caudrey-Dodd-

Gibbon equation, Int. J. Phys. Sci. 7(5) (2012) 743-752.  

[33] M. A. Akbar, N. H. M. Ali and E. M. E. Zayed, Abundant exact traveling wave solutions of the 

generalized Bretherton  equation via the improved (G‘/G)-expansion method, Commun. Theor. 

Phys. 57 (2012) 173-178.  

[34] E. J. Parkes, Observations on the basis of (G‘/G)-expansion method for finding solutions to 

nonlinear evolution equations, Appl. Math. Comput. 217 (2010) 1759-1763.  

[35] M. A. Akbar and N. H. M. Ali, The alternative (G‘/G)-expansion method and its applications 

to nonlinear partial differential equations, Int. J. Phys. Sci. 6(35) (2011) 7910-7920.  

[36] M. A. Akbar, N. H. M. Ali and E. M. E. Zayed, A generalized and improved for nonlinear 

evolution equations, Math. Prob. Engr. Vol. 2012, 22 pages. Doi: 10.1155/2012/459879.  

[37] H. Jafari, N. Kadkhoda and  E.  Salehpoor, Application  of  to nonlinear Lienard equation, 

Indian Journal of Science and Technology, 5( 4) (2012) 2554-2556.   

[38] J. Zhang, X. Wei and Y. Lu, A generalized and its applications, Phys. Lett. A, 372 (2008) 

3653-3658.  

[39] J. Zhang, F. Jiang and X. Zhao, An improved method for solving nonlinear evolution 

equations. Int. J. Comput. Math. 87(8) (2010) 1716-1725.  

[40] W. X. Ma and B. Fuchssteiner, Explicit and exact solutions to a Kolmogorov-Petrovskii-

Piskunov equation, Int. J. Nonlinear. Mech. 31 (1996) 329-338.  

[41] W. X. Ma and J. H. Lee, A transformed rational function method and exact solutions to the 

(3+1) dimensional Jimbo-Miwa equation, Chaos, Solitons Fract. 42 (2009)1356-1363.  

[42] M. N Alam, M. A. Akbar and S. T. Mohyud-Din, A novel (G‘/G)-expansion method and its 

application to the Boussinesq equation, Chin. Phys. B. (in press).  

[43] G. Jumarie, Modified Riemann-Liouville derivative and fractional Taylor series of non-

differentiable functions further results, Comput. Math. Appl. 51 (2006), 1367-1376.  

Advanced Trends in Mathematics Vol. 2 15



[44] Z. B. Li and J. H. He, Fractional complex transform for fractional differential equations, Math. 

Comput. Appl. 15(2010) 970-973. 

[45] S. Zhu, The generalized Riccati equation mapping method in non-linear evolution equation: 

application to (2+1)-dimensional Boiti-Leon-Pempinelle equation, Chaos Solitons and Fract. 37 

(2008) 1335-1342.  

[46] F. Xu, Application of exp-function method to symmetric regularized long wave (SRLW) 

equation, Phy. Lett.  A, 372 (2008) 252-257.  

[47] A. Bekir and A. C. Cevikel, New exact travelling wave solutions of nonlinear physical models, 

Chaos, Solitons Fract. 41 (2009) 1733-1739.  

[48] J. F. Alzaidy, The fractional sub-equation method and exact analytical solutions for some 

nonlinear fractional PDEs, Am. J.  Math. Anal. 1(1) (2013)14-19. 

16 ATMath Volume 2


